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ABSTRACT
CONTRACTIONS WITH INFINITE DEFECT INDEX 
by
KENNETH ROBERT WADLAND 
UNIVERSITY OF NEW HAMPSHIRE, 1978
T h is  p a p e r  i n v e s t i g a t e s  s e v e r a l  q u e s t i o n s  r e l a t e d  t o  C
c o n t r a c t i o n s  on com plex ,  s e p a r a b l e  H i l b e r t  s p a c e s .  The s t e p p i n g  o f f
p o i n t  i s  t h e  r e c e n t  e x t e n s i o n ,  by S z . -N ag y ,  o f  t h e  J o r d a n  m odel th e o ry
to  C c o n t r a c t i o n s  w i t h  one f i n i t e  and one i n f i n i t e  d e f e c t  i n d e x ..o
S e c t i o n  I  s t a t e s  t h e  v a r i o u s  r e s u l t s  o b t a i n e d  and i n t r o d u c e s  t h e  d e f i n i ­
t i o n s  and n o t a t i o n s  w h ich  a r e  u sed  th r o u g h o u t .
I n  S e c t i o n  I I ,  an  e q u i v a l e n c e  r e l a t i o n ,  R P - e q u iv a l e n c e ,  i s  d e ­
f i n e d  on t h e  c l a s s  o f  a n a l y t i c  f u n c t i o n s  on t h e  u n i t  d i s k  whose v a l u e s  
a r e  o p e r a t o r s  b e tw een  two f i x e d  H i l b e r t  s p a c e s .  S e v e r a l  o f  i t s  p r o p e r ­
t i e s  a r e  d e v e lo p e d ,  i n c l u d i n g  i t s  s t r e n g t h  r e l a t i v e  t o  q u a s i - e q u i v a l e n c e  
( a n o th e r  e q u i v a l e n c e  r e l a t i o n  on o p e r a t o r - v a l u e d  a n a l y t i c  f u n c t i o n s  
d ev e lo p e d  by  Moore and N o rd g ren  and e x te n d e d  by  S z . -N a g y ) .  We p ro v e  
t h a t  i f  T and T ' a r e  C q c o n t r a c t i o n s  whose c h a r a c t e r i s t i c  o p e r a t o r  
f u n c t i o n s  a r e  R P - e q u i v a l e n t ,  t h e n  T and T ' a r e  q u a s i - s i m i l a r .  The 
c o n v e rs e  i s  g iv e n  f o r  s e v e r a l  s p e c i a l  c a s e s .
I n  S e c t i o n  I I I ,  we p ro v e  t h a t  ev e ry  ( c lo s e d )  s u b s p a c e  w hich  i s  
i n v a r i a n t  u n d e r  a  C q c o n t r a c t i o n ,  T, i s  a l s o  i n v a r i a n t  u n d e r  e v e ry  
o p e r a t o r  i n  t h e  d o u b le  commutant o f  T. T h is  e x t e n d s  an  e a r l i e r  r e s u l t  
by Wu w hich  r e q u i r e d  t h a t  t h e  d e f e c t  i n d i c e s  o f  T b e  f i n i t e .  As a 
c o r o l l a r y  t o  t h i s  th e o re m ,  we g i v e  an  a l t e r n a t e  p r o o f  t o  S z . - N a g y 's  
theorem  t h a t  e v e ry  Cq c o n t r a c t i o n  i s  i n  T u r n e r ' s  c l a s s  ( d c ) , i e .  i t s
v i
do u b le  commutant e q u a l s  t h e  s m a l l e s t  w e a k ly - c lo s e d  a l g e b r a  w i t h  i d e n t i t y
w hich  c o n t a i n s  i t .
I n  S e c t i o n  IV , we p ro v e  t h a t  i f  T i s  a  C q c o n t r a c t i o n  whose
d e f e c t  i n d i c e s  a r e  d i s t i n c t  and  a t  l e a s t  one  o f  them  i s  f i n i t e ,  t h e n
T i s  i n  c l a s s  (dc )  and  t h e  d o u b le  commutant o f  T i s  i n t e r p o l a t e d  by 
00
H . (Here we a r e  u s i n g  S a r a s o n ' s  t e rm ,  i e .  an  a l g e b r a  i s  i n t e r p o l a t e d
00
by H i f  i t  i s  t h e  s e t  o f  a l l  o p e r a t o r s  o f  t h e  form  h (T )  w h ere  h  i s  an
00
H - f u n c t i o n . )  T h is  i s  an  e x t e n s i o n  o f  a  r e s u l t  by  Uchiyama w h ich  r e ­
q u i r e d  t h a t  b o t h  d e f e c t  i n d i c e s  be  f i n i t e .  We c i t e  an  ex am p le ,  due to  
S z .-N ag y ,  show ing  t h a t  t h e  o t h e r  r e s t r i c t i o n  ( t h a t  t h e  d e f e c t  i n d i c e s  
be d i s t i n c t )  c a n n o t  b e  rem oved.
S e c t i o n  V i s  a n  i n v e s t i g a t i o n  o f  d i r e c t  sums o f  o p e r a t o r s  w i t h
th e  u n i l a t e r a l  s h i f t ,  S . .  F o r  sums o f  a  C c o n t r a c t i o n  w i t h  S . ,  t h e+  . o  + ’
r e s u l t  o f  S e c t i o n  IV i s  shown t o  h o l d ,  nam ely : i f  T i s  any C c o n t r a c -• o
t i o n  t h e n  t h e  d i r e c t  sum o f  T w i t h  S+ i s  i n  c l a s s  (dc )  and i t s  d o u b le
CO
commutant i s  i n t e r p o l a t e d  by H . I n  c o n t r a s t ,  we c o n s t r u c t  t h e  d o u b le  
commutant o f  t h e  d i r e c t  sum o f  an  i s o m e t r y  w i t h  t h e  u n i l a t e r a l  s h i f t .  
A lthough  such  sums a r e  s t i l l  o f  c l a s s  ( d c ) ,  t h e y  a r e  n o t  i n t e r p o l a t e d
SECTION I
INTRODUCTION
L e t  T b e  an  o p e r a t o r  from  II t o  K. By t h i s ,  we s h a l l  a lw ays  mean
t h a t  H and K a r e  com plex ,  s e p a r a b l e  H i l b e r t  s p a c e s  and t h a t  T i s  a  bounded
l i n e a r  t r a n s f o r m a t i o n  from  H i n t o  K. The o p e r a t o r  T i s  c a l l e d  a  c o n t r a c ­
t i o n  i f  f o r  a l l  heH, ( |T h | |  R h | |  I f  f u r t h e r  t h e  s eq u e n ce
* *2 *3( T h ,  T h ,  T h ,  . . . )  c o n v e rg e s  to  0 ,  t h e n  T w i l l  b e  c a l l e d  a  C c o n t r a c ­
t i o n .  T h is  p a p e r  w i l l  b e  co n c e rn e d  p r i m a r i l y  w i t h  t h e  c l a s s  o f  C q con­
t r a c t i o n s  .
T h is  c l a s s  was f i r s t  d e f in e d  i n  1963 ( s e e [ 2 4 ] ) .  S in c e  th e n  t h e r e  
h a s  b ee n  c o n s i d e r a b l e  r e s e a r c h  a c t i v i t y  on  C ^ c o n t r a c t i o n s .  I n  f a c t ,  
t h e  t e x t  by Sz.-Nagy and F o ia s  ( d e s ig n a t e d  by [HA] i n  t h e  b i b l i o g r a p h y )  
i s  e s s e n t i a l l y  an  e x p o s i t i o n  on c o n t r a c t i o n s  and s u b c l a s s e s  o f  c o n t r a c ­
t i o n s .  T h e i r  t e x t  s e r v e s  a s  a  b a s i s  f o r  t h e  n o t a t i o n s  and d e f i n i t i o n s  
i n  t h i s  p a p e r  and  m ost  o f  t h e  c u r r e n t  r e s e a r c h  i n  t h i s  a r e a .
One o f  t h e  q u e s t i o n s  w h ich  w i l l  b e  a d d r e s s e d  h e r e  i s  t h e  s t r u c ­
t u r e  o f  t h e  d o u b le  com m utant. For any o p e r a t o r  T on H, t h e  s i n g l e  com­
m u tan t  o f  T, w r i t t e n  {T } ' , i s  t h e  s e t  o f  a l l  o p e r a t o r s  w h ich  commute w i th  
T. The d o u b le  commutant o f  T, w r i t t e n  {T}", i s  t h e  s e t  o f  a l l  o p e r a t o r s  
w hich  commute w i t h  e v e ry  o p e r a t o r  w h ich  commutes w i t h  T.
I f  t h e  u n d e r ly i n g  s p a c e ,  H, i s  f i n i t e  d i m e n s i o n a l ,  t h e n  t h e  d o u b le  
commutant i s  j u s t  t h e  d o u b le  com m utator and  th e  c l a s s i c a l  r e s u l t  h o l d s ,  
nam ely : {T}" i s  t h e  s m a l l e s t  a l g e b r a  (w i th  i d e n t i t y )  c o n t a i n i n g  T. For
no rm al o p e r a t o r s  t h e  von  Neumann d o u b le  commutant theo rem  p r o v i d e s  a
2
&
s i m i l a r  r e s u l t :  {T}" i s  t h e  s m a l l e s t  W - a l g e b r a  (w i th  i d e n t i t y )  c o n t a i n ­
in g  T ( s e e  e g .  [ 6 ] ) .  F o r  a l g e b r a i c  o p e r a t o r s ,  t h e  c o r r e s p o n d in g  r e s u l t  
i s :  {T}" = G f(T ) ,  w here  C f(T) i s  th e  s m a l l e s t  w e a k ly - c lo s e d  a l g e b r a  w i t h  
i d e n t i t y )  c o n t a i n i n g  T ( s e e  [ 3 0 ] ) .  F o l lo w in g  T u r n e r ' s  n o t a t i o n  [ 2 9 ] ,  we 
w i l l  r e f e r  to  any  o p e r a t o r  f o r  w h ich  i t s  d o u b le  commutant e q u a l s  th e  
w e a k ly - c lo s e d  a l g e b r a  ( w i th  i d e n t i t y )  w h ich  i t  g e n e r a t e s  a s  b e i n g  o f  c l a s s  
( d c ) . F o r  C q c o n t r a c t i o n s  i n  g e n e r a l  no s u c h  r e s u l t  i s  known.
One o f  the , m ost  u s e f u l  t o o l s  f o r  s t u d y i n g  o p e r a t o r s  on f i n i t e  
d im e n s io n a l  s p a c e s  i s  t h e  c h a r a c t e r i s t i c  p o ly n o m ia l .  One way o f  l o o k in g  
a t  i t  i s  t o  d e f i n e  0 ( z )  = T -  z l ,  w here  T i s  an  o p e r a t o r  on a  f i n i t e  d i ­
m e n s io n a l  s p a c e  H and I  i s  t h e  i d e n t i t y  on H. Then , t h e  d e t e r m in a n t  o f  
any m a t r ix  r e p r e s e n t a t i o n  o f  0 i s  t h e  c h a r a c t e r i s t i c  p o ly n o m ia l  o f  T. 
F u r t h e r ,  t h e  c h a r a c t e r i s t i c  v a l u e s  o f  T a r e  p r e c i s e l y  t h o s e  z f o r  w hich  
0 (z )  f a i l s  t o  h a v e  an  i n v e r s e .  I n  a  s i m i l a r  f a s h i o n  i t  i s  a l s o  p o s s i b l e  
t o  o b t a i n  t h e  c h a r a c t e r i s t i c  v e c t o r s  o f  T, a l l  o f  i t s  i n v a r i a n t  s u b ­
s p a c e s ,  and i t s  J o rd a n  m o d e l .  However, t h e r e  i s  no d i r e c t  e x t e n s i o n  o f  
th e s e  c o n c e p t s  t o  i n f i n i t e  d im e n s io n a l  s p a c e s .  (F o r  exam ple ,  t h e  u n i ­
l a t e r a l  s h i f t  h a s  no c h a r a c t e r i s t i c  v a l u e s  o r  v e c t o r s . )
An a n a lo g  o f  t h e  f u n c t i o n  0 h a s  b e e n  d e v e lo p e d ,  th o u g h ,  w hich  
g e n e r a l i z e s  some o f  t h e  p r o p e r t i e s  o f  t h e  f i n i t e  d im e n s io n a l  c a s e .  For
any C c o n t r a c t i o n ,  T, t h e r e  e x i s t s  a n  a n a l y t i c  f u n c t i o n ,  0 , d e f in e d  • O X
on th e  u n i t  d i s k  whose v a l u e s  a r e  o p e r a t o r s  from  E^ , t o  E^A, c a l l e d  th e
c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n  o f  T. The d im e n s io n s  o f  E^ and E^A
a r e  c a l l e d  t h e  d e f e c t  i n d i c e s  o f  T. (A d e t a i l e d  d e s c r i p t i o n  o f  0^ w i l l
b e  p r e s e n t e d  l a t e r  i n  t h i s  s e c t i o n . )  The g e n e r a l  s tu d y  o f  c h a r a c t e r i s t i c
o p e r a t o r  f u n c t i o n s  d a t e s  b ac k  t o  1946 w i t h  t h e  work o f  L i v s i c  [10] and
o t h e r  R u s s ia n  m a th e m a t i c i a n s .  Work on t h e  c a s e  o f  C c o n t r a c t i o n s  b e -.o
gan i n  1960 w i t h  p a p e r s  o f  R o ta  [ 1 6 ] ,  Rovnyak [ 1 7 ] ,  and H e lso n  [ 9 ] .
3The c o n s t r u c t i o n  u sed  i n  t h i s  p a p e r  i s  due t o  S z .-N ag y  and F o ia §  [HA].
I n  o r d e r  t o  make t h e  b e s t  p o s s i b l e  u s e  o f  t h e  c h a r a c t e r i s t i c  
o p e r a t o r  f u n c t i o n ,  i t  i s  im p o r t a n t  t o  know w hich  p r o p e r t i e s  o f  an  
o p e r a t o r  can  be deduced  from  i t s  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n  and 
how th e y  ca n  b e  r e p r e s e n t e d .  For ex am p le ,  i t  i s  known t h a t  two o p e r ­
a t o r s  a r e  u n i t a r i l y  e q u i v a l e n t  i f  and  o n ly  i f  t h e i r  c h a r a c t e r i s t i c  
o p e r a t o r  f u n c t i o n s  " c o i n c i d e "  [HA, pg . 2 5 7 ] .  No su ch  r e s u l t  i s  known 
f o r  q u a s i - s i m i l a r i t y  ( t h e  a p p r o p r i a t e  i n f i n i t e  d im e n s io n a l  a n a lo g  o f  
s i m i l a r i t y ) .
S e c t i o n  I I  o f  t h i s  p a p e r  a d d r e s s e s  t h i s  q u e s t i o n .  A p r o p e r t y  
c a l l e d  " R P -e q u iv a le n c e "  i s  d e f in e d  and shown to  be  a n  e q u i v a l e n c e  r e l a ­
t i o n  on i n n e r  c o n t r a c t i v e  a n a l y t i c  f u n c t i o n s .  The f o l l o w in g  th eo rem  i s  
p ro v en :  i f  T and  T* a r e  C q c o n t r a c t i o n s  whose c h a r a c t e r i s t i c  o p e r a t o r
f u n c t i o n s  a r e  R P - e q u i v a l e n t ,  t h e n  th e y  a r e  q u a s i - s i m i l a r .  The c o n v e r s e  
i s  p ro v en  f o r  s e v e r a l  s p e c i a l  c a s e s .  W hether o r  n o t  t h e  c o n v e r s e  h o ld s  
i n  g e n e r a l  i s  s t i l l  unknown. The s t r e n g t h  o f  R P -e q u iv a le n c e  r e l a t i v e  
to  q u a s i - e q u i v a l e n c e  i s  p r e s e n t e d .  ( Q u a s i - e q u iv a l e n c e  i s  a n o t h e r  e q u iv ­
a l e n c e  r e l a t i o n  on c o n t r a c t i v e  a n a l y t i c  f u n c t i o n s  f i r s t  i n t r o d u c e d  by 
Moore and N ord g ren  [12 and 11] and l a t e r  ex te n d e d  by Sz'ucs [28] and 
S z.-N agy [ 2 3 ] .  F i n a l l y ,  i t  i s  shown t h a t  q u a s i - s i m i l a r i t y  ca n  b e  e x ­
p r e s s e d  e n t i r e l y  i n  te rm s  o f  t h e  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n ;  how­
e v e r ,  t h e  r e s u l t i n g  e q u i v a l e n c e  r e l a t i o n  i s  to o  u n w ie ld y  t o  b e  u s e f u l .
S e c t i o n  I I I  i n v e s t i g a t e s  an  i m p o r t a n t  s u b c l a s s  o f  C q c o n t r a c ­
t i o n s  c a l l e d  Cq ( t h o s e  c o n t r a c t i o n s  w h ich  s a t i s f y  an a n a lo g  o f  th e  
H a m il to n -C ay ley  th e o r e m ) . S uppose t h a t  T i s  a  Cq c o n t r a c t i o n  and t h a t  
L i s  a  ( c lo s e d )  s u b s p a c e  w h ich  i s  i n v a r i a n t  u n d e r  T, i e .  TL C L .  We 
show t h a t  L m ust a l s o  b e  i n v a r i a n t  u n d e r  e v e ry  o p e r a t o r  i n  t h e  d o u b le  
commutant o f  T. T h is  r e s u l t  e x te n d s  a n  e a r l i e r  r e s u l t  by  Wu [ 3 3 ] ,  w hich
4r e q u i r e d  t h a t  t h e  d e f e c t  i n d i c e s  o f  T b e  f i n i t e .  As a  c o r o l l a r y  t o  t h i s  
th eo rem , we g i v e  an  a l t e r n a t e  p r o o f  ( c f .  [2 7 ] )  t h a t  a l l  Cq c o n t r a c t i o n s  
a r e  o f  c l a s s  ( d c ) , i e .  t h e i r  d o u b le  com m utants a r e  e q u a l  t o  t h e  w e a k ly -  
c lo s e d  a l g e b r a s  (w ith  i d e n t i t y )  w h ich  th e y  g e n e r a t e .
I n  S e c t i o n  IV we g i v e  a  s i m i l a r  r e s u l t  f o r  a n o t h e r  c l a s s  o f  C . o
c o n t r a c t i o n s .  I n  1967 S a ra s o n  showed [18] t h a t  t h e  u n i l a t e r a l  s h i f t  i s
00 _
o f  c l a s s  (dc) and t h a t  i t s  d o u b le  commutant i s  i n t e r p o l a t e d  by  H . (T h is
w i l l  be d e f in e d  l a t e r . )  I n  a  r e c e n t  p a p e r  [ 3 2 ] ,  Uchiyama e x te n d e d  t h i s
r e s u l t  t o  C c o n t r a c t i o n s  whose d e f e c t  i n d i c e s  a r e  f i n i t e  and  d i s t i n c t ,  .o
We f u r t h e r  e x te n d  t h i s  r e s u l t  t o  a l l o w  one o f  t h e  d e f e c t  i n d i c e s  t o  b e  
i n f i n i t e .  I n  p a r t i c u l a r ,  we show t h a t  i f  T i s  a  C ^ c o n t r a c t i o n  whose 
d e f e c t  i n d i c e s  a r e  n o t  e q u a l  and  a t  l e a s t  one o f  them i s  f i n i t e ,  th e n  
{T}" i s  e q u a l  t o  CC{T) and  i s  i n t e r p o l a t e d  by  H . We t h e n  p r e s e n t  an 
example (due t o  S z .-N ag y  [2 2 ] )  w h ich  shows t h a t  t h e  r e s t r i c t i o n  t h a t  
t h e  d e f e c t  i n d i c e s  b e  d i s t i n c t  c a n n o t  be  rem oved. The exam ple  i s  a  C q 
c o n t r a c t i o n  whose d e f e c t  i n d i c e s  a r e  b o t h  two and whose d o u b le  commutant
CO
i s  n o t  i n t e r p o l a t e d  by H .
I n  ex am in in g  t h e  d i f f e r e n c e s  b e tw e en  t h e  c a s e s  w here  th e  th eo rem
does h o ld  ( d i s t i n c t  d e f e c t  i n d i c e s )  and a  c a s e  w here  t h e  th eo rem  d o es
n o t  h o ld  ( e q u a l  d e f e c t  i n d i c e s ) ,  t h e  a u t h o r  n o te d  t h a t  i n  t h e  f i r s t  c a s e
such  o p e r a t o r s  a r e  q u a s i - s i m i l a r  t o  o p e r a t o r s  o f  t h e  form  T ® S+ w here
T i s  a C c o n t r a c t i o n  and S. i s  t h e  u n i l a t e r a l  s h i f t  [2 3 ] ;  w h e re a s ,.o +
f o r  o p e r a t o r s  w i t h  e q u a l  and f i n i t e  d e f e c t  i n d i c e s  t h i s  can  n e v e r  b e
t r u e  [ 1 1 ] .  W i l l  t h e  r e s u l t  h o ld  f o r  any o p e r a t o r  o f  t h i s  form? An
a f f i r m a t i v e  answ er i s  g iv e n  i n  S e c t i o n  V, n am ely ,  i f  T i s  any C co n -
•  o
t r a c t i o n  and S+ i s  th e  u n i l a t e r a l  s h i f t  t h e n  T ® S+ i s  i n  c l a s s  (dc )
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and i t s  d o u b le  commutant i s  i n t e r p o l a t e d  by H . The l a s t  r e s u l t  o f  t h i s  
p ap e r  e x p l i c i t l y  c o n s t r u c t s  t h e  w e a k ly - c lo s e d  a l g e b r a  g e n e r a t e d  by
5o p e r a t o r s  o f  t h e  fo rm  T ® S w here  T i s  an  i s o m e t r y  and S i s  t h e  u n i -T "r
l a t e r a l  s h i f t .  We p ro v e  t h a t  a l t h o u g h  su ch  o p e r a t o r s  a r e  s t i l l  o f  c l a s s
00
( d c ) , t h e i r  d o u b le  commutants a r e  n o t  ( i n  g e n e r a l )  i n t e r p o l a t e d  by  H .
H aving d e s c r i b e d  t h e  c o n t e n t s  o f  t h i s  t h e s i s ,  we w i l l  now p r e ­
s e n t  some o f  t h e  n o t a t i o n s  and  d e f i n i t i o n s  w h ich  w i l l  b e  u sed  th r o u g h ­
o u t  th e  re m a in d e r  o f  t h i s  p a p e r .
The symbol "=" i s  r e a d  " i s  d e f in e d  t o  b e "  and w i l l  b e  u s e d  on ly  
on t h e  f i r s t  d e f i n i t i o n  o f  a n o t a t i o n .  The symbol " C "  w i l l  d e n o te  s e t  
i n c l u s i o n  ( p o s s i b l y  im p ro p e r )  and  i s  r e a d  " i s  a  s u b s e t  o f "  o r  "w hich  i s  
a s u b s e t  o f " ,  d e p e n d in g  upon c o n t e x t .  The sym bols  " e "  and "=" w i l l  a l s o  
have  t h i s  d u a l  i n t e r p r e t a t i o n .
Suppose H i s  a H i l b e r t  s p a c e  ( n o t e  t h a t  a l l  H i l b e r t  s p a c e s  a r e  
assumed to  b e  com plex and s e p a r a b l e ) . The norm o f  f  i n  H w i l l  b e  d e n o te d  
by llf l\ ^  and t h e  i n n e r  p r o d u c t  o f  f  w i t h  g i n  H w i l l  b e  d e n o te d  by 
< f ,  g >jj* Whenever t h e r e  i s  o n ly  one c a n d i d a t e  f o r  t h e  u n d e r ly i n g  H i l b e r t  
s p a c e ,  t h e  i d e n t i f y i n g  s u b s c r i p t  w i l l  be  o m i t t e d .
The n o t a t i o n  F: X ■+ Y w i l l  d e n o te  a  f u n c t i o n ,  F ,  whose domain i s  
X and whose co -dom ain  i s  Y. The w ords " r a n g e "  and " im age"  w i l l  b e  u s e d  
in t e r c h a n g e a b ly  t o  d e n o te  t h e  s e t  F (X ).  I f  A i s  a  s u b s e t  o f  X, th e n  
G = F | A w i l l  mean t h a t  G i s  d e f i n e d  to  b e  t h e  r e s t r i c t i o n  o f  t h e  
f u n c t i o n  F t o  t h e  s e t  A.
F or any p r o b a b i l i t y  m e a s u re ,  p ,  on t h e  u n i t  c i r c l e ,  LP (y) w i l l
d e n o te  t h e  u s u a l  L eb esg u e  s p a c e s  ( s e e  e g .  [7 ,  p g .  2 3 ] ) .  Thus t h e  norm
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f o r  L (y) i s  t h e  e s s e n t i a l  supremum norm. A c t u a l l y ,  t h e  e le m e n ts  o f  
LP (y) a r e  e q u i v a l e n c e  c l a s s e s ; ,  b u t ,  we w i l l  a b u s e  t h e  n o t a t i o n  by i d e n ­
t i f y i n g  t h e  e le m e n ts  o f  e a c h  c l a s s  and w r i t e  "=" t o  mean e q u a l i t y  a l ­
most ev e ry w h ere  ( a . e . )  w i t h  r e s p e c t  t o  y .  I f  y i s  n o rm a l iz e d  L ebesgue  
m easu re ,  we w i l l  w r i t e  s im p ly  LP .
The Hardy s p a c e s ,  H^, c o n s i s t  o f  t h o s e  L f u n c t i o n s  whose n e g a ­
t i v e l y  in d ex ed  F o u r i e r  c o e f f i c i e n t s  v a n i s h .  F o r  ex a m p le ,
2tt
.  f  X d t  = 0 ,  f o r  n  = 1 ,  2 ,  3 ,  . . .  O n
w here  X (z )  = z11. n
The Hardy s p a c e s  ca n  a l s o  b e  d e f in e d  a s  s p a c e s  o f  a n a l y t i c  f u n c ­
t i o n s  from  t h e  (open) u n i t  d i s k  i n t o  t h e  complex p l a n e  s a t i s f y i n g  c e r t a i n  
grow th c o n d i t i o n s .  T h a t  t h e s e  two d e f i n i t i o n s  a r e  e q u i v a l e n t  can  b e  
shown a s  f o l l o w s :  i f  f  s a t i s f i e s  t h e  f i r s t  d e f i n i t i o n  t h e n  P o i s s o n ' s
fo rm u la  ( s e e  e g .  [HA, p g .  1 0 0 ])  u n iq u e ly  d e t e r m in e s  an  a n a l y t i c  f u n c t i o n  
s a t i s f y i n g  t h e  seco n d  d e f i n i t i o n ;  c o n v e r s e l y ,  i f  f  i s  an  H*5 f u n c t i o n  
th en  F a t o u ' s  th eo rem  [15] e s t a b l i s h e s  t h e  e x i s t e n c e  o f  r a d i a l  l i m i t s  
a . e .  which s a t i s f y  t h e  f i r s t  d e f i n i t i o n .  We w i l l  n o rm a l ly  u s e  th e
fo rm er  d e f i n i t i o n .  B u t ,  when c o n v e n ie n t  we w i l l  i d e n t i f y  t h e  tw o.
2
An H f u n c t i o n ,  f ,  i s  c a l l e d  " i n n e r "  i f  i t s  a b s o l u t e  v a l u e  (on 
t h e  u n i t  c i r c l e )  i s  a . e .  t h e  c o n s t a n t  f u n c t i o n  o n e .  I t  i s  c a l l e d  
" s i n g u l a r "  i f  i t  can  be  r e p r e s e n t e d  i n  t h e  form :
f ( z )  = -
2ir w + z , ,   dv(w)
0 w -  z
w here  v i s  a f i n i t e ,  n o n - n e g a t i v e  m e a su re  w h ich  i s  s i n g u l a r  w i t h  r e s p e c t
2 °° t o  Lebesgue m e a su re .  We w i l l  c a l l  an  H f u n c t i o n ,  f ,  " o u t e r "  i f  {X f )  .n  n=U
2
i s  d e n s e  i n  H . (N o te :  t h i s  i s  n o t  t h e  u s u a l  d e f i n i t i o n  o f  o u t e r  b u t  i s
e q u i v a l e n t  t o  i t  by  B e u r l i n g ' s  theo rem  [3] and i s  t h e  o n ly  p r o p e r t y  o f
i t  t h a t  we w i l l  u s e . )  B e u r l i n g ' s  f a c t o r i z a t i o n  th eo rem  [3] s t a t e s  t h a t
ev e ry  H^ f u n c t i o n ,  f ,  can  b e  f a c t o r e d  i n t o  an  i n n e r  p a r t ,  f ° ,  and  an 
0
o u t e r  p a r t ,  f  . And, t h e  i n n e r  p a r t  can  b e  f u r t h e r  f a c t o r e d  i n t o  a 
B la sch e  p ro d u c t  and a  s i n g u l a r  f u n c t i o n .
2
S in c e  H h a s  no z e r o  d i v i s o r s ,  we ca n  u s e  t h e  u s u a l  t e rm in o lo g y
f o r  f a c t o r i z a t i o n .  T hus,  we w i l l  w r i t e  f  | g f o r  " f  d i v i d e s  g " .  S in c e
th e  c o n s t a n t  f u n c t i o n s  h av e  i n v e r s e s ,  t h e  g r e a t e s t  common d i v i s o r  ( g . c . d . )
i s  o n ly  u n iq u e  up to  a  c o n s t a n t  f a c t o r ;  an d ,  two f u n c t i o n s  a r e  c a l l e d
r e l a t i v e l y  p r im e  i f  t h e i r  g . c . d .  i s  a  c o n s t a n t .
2
The co -dom ain  o f  f u n c t i o n s  i n  L i s  t h e  com plex p l a n e .  We w i l l
2
f r e q u e n t l y  hav e  n ee d  f o r  a n  a n a lo g  o f  L whose f u n c t i o n s  a r e  v e c t o r -
2v a lu e d .  F o r  any H i l b e r t  s p a c e ,  E, we w i l l  d e n o te  by  L t h e  c l a s s  o f  a l l
E
w eakly  m e a s u ra b le  f u n c t i o n s ,  v ,  w i t h  v a l u e s  i n  E su ch  t h a t :
Ml
2 7T
E d t  <
2
I f  we u s e  t h i s  norm and i d e n t i f y  f u n c t i o n s  w h ich  a r e  a . e .  e q u a l ,  L b e-
E
comes a  s e p a r a b l e  H i l b e r t  s p a c e .  T h e re  i s  a  o n e - t o - o n e  c o r r e s p o n d e n c e
2 CO
b e tw een  e l e m e n ts ,  v ,  o f  and s e q u e n c e s ,  61 61,16111:8 ° f  E
( c a l l e d  i t s  F o u r i e r  c o e f f i c i e n t s )  su ch  t h a t
v ( e l t ) = I Xfc (el t ) ak
k = - C O
and II v | /  2 -  |  | | a j j 2 <  ooE
2 2The c l a s s  H i s  th e n  d e f in e d  a s  t h e  s e t  o f  L f u n c t i o n s  w hose  n e g a t i v e l y -  E E
in d ex ed  F o u r i e r  c o e f f i c i e n t s  v a n i s h .  Many o f  t h e  c l a s s i c  r e s u l t s  a b o u t
2 2L a l s o  h o ld  h e r e .  For ex am p le ,  e v e r y  L c o n v e r g e n t  s e q u e n c e  h a s  a  ^ E
p o i n t - w i s e  c o n v e rg e n t  s u b s e q u e n c e  [HA,pg. 1 8 3 ] .  F u r t h e r ,  P o i s s o n ' s
Form ula and F a t o u ' s  Theorem h o ld  [HA, p p .  1 8 5 -1 8 6 ] ,  a l l o w in g  u s  to  
2i d e n t i f y  H w i t h  a n a l y t i c  f u n c t i o n s  on t h e  u n i t  d i s k ,  a s  was d one  f o r  
E
H2 .
8By a  b i l a t e r a l  s h i f t  we w i l l  mean an  o p e r a t o r ,  M^, a c t i n g  on
2 2 
some Lg by M^Cv) = Xv, w h ere  X(z) = z .  I t s  r e s t r i c t i o n  to  w i l l  b e  c a l l e d  a
u n i l a t e r a l  s h i f t  and w i l l  a l s o  b e  w r i t t e n  a s  M . I n  t h e  e v e n t  t h a t  t h ez
u n d e r ly in g  sp a c e  E i s  s im p ly  t h e  com plex p l a n e ,  t h e n  we w i l l  r e f e r  to
M a s  " t h e "  b i l a t e r a l  o r  u n i l a t e r a l  s h i f t ,  z
2In  a d d i t i o n  t o  t h e  v e c t o r - v a l u e d  H , we w i l l  o c c a s i o n a l l y  need
E
oo
an  o p e r a t o r - v a l u e d  a n a lo g  o f  H . Suppose E and F a r e  H i l b e r t  s p a c e s .
A f u n c t i o n  0 on t h e  u n i t  d i s k  whose v a l u e s ,  0 ( z ) ,  a r e  o p e r a t o r s  from 
E to  F w i l l  b e  c a l l e d  a n a l y t i c  i f  i t  h a s  a  power s e r i e s  e x p a n s io n :
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0 ( z ) = I 0W z k
k = 0 k
where each  0^ i s  a  bounded  o p e r a t o r  from  E t o  F [HA, p g .  1 8 6 ] .  I t  i s  
c a l l e d  bounded i f  t h e r e  i s  a  bound f o r  e a c h  0 ( z )  w h ich  i s  in d e p e n d e n t  o f  
z .  The s e t  o f  a l l  s u c h  bounded a n a l y t i c  f u n c t i o n s  w i l l  b e  d e n o te d  by 
M(E, F ) .
Once a g a i n ,  F a t o u ' s  Theorem and  P o i s s o n ' s  F o rm ula  h o ld  [HA, pg .
186] and we can  d e f i n e  0 on t h e  u n i t  c i r c l e  by t a k i n g  r a d i a l  l i m i t s ,  
i tI f ,  f u r t h e r ,  0 ( e  ) i s  an  i s o m e t ry  f o r  a lm o s t  e v e ry  t ,  t h e n  0 i s  c a l l e d
i n n e r  [HA, p g .  1 9 0 ] .  An e le m e n t ,  0 ,  o f  M(E, F) can  a l s o  b e  c o n s id e r e d
2 2a s  an o p e r a t o r  from  H t o  H_, b y  d e f i n i n g  ( 0 f ) (z )  = ( 0 ( z ) ) ( f ) ,  f o r  a l l
E r
2
f  e Hg. S t i l l  a n o t h e r  r e p r e s e n t a t i o n  o f  0 i s  a s  a  m a t r i x ,  s a t i s f y i n g
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c e r t a i n  b o u n d ed n ess  c o n d i t i o n s  [ 2 3 ] ,  whose c o e f f i c i e n t s  a r e  i n  H and 
whose d im e n s io n s  a r e  t h e  d im e n s io n s  o f  F and E, r e s p e c t i v e l y .  (T h is  
l a s t  d e f i n i t i o n  i s  made e x p l i c i t  i n  S e c t i o n  IV .)  We w i l l  u s e  w h ic h e v e r  
r e p r e s e n t a t i o n  i s  m ost  c o n v e n ie n t ,  r e l y i n g  on t h e  c o n t e x t  to  make i t  
c l e a r  w h ich  one i s .  b e i n g  u s e d .
2 2F or any i n n e r  0 e M(E, F ) , we d e f i n e  H(0) t o  b e  H e  0H„, w hereF E
2 2th e  symbol " 0 " d e n o te s  t h e  o r t h o g o n a l  complement o f  01^ I n  H^. D e f in e
2
S(0) to  b e  t h e  co m p re s s io n  to  H(0) o f  t h e  u n i l a t e r a l  s h i f t  on H , i e .
S (0 )v  = P(Xv) | H(0)
2
where P i s  th e  o r t h o g o n a l  p r o j e c t i o n  o f  H o n to  H (0 ) .r
We a r e  now r e a d y  t o  g i v e  a  fo r m a l  d e f i n i t i o n  o f  t h e  c h a r a c t e r i s ­
t i c  o p e r a t o r  f u n c t i o n .  L e t  T b e  a c o n t r a c t i o n  on a  H i l b e r t  s p a c e ,  H.
The d e f e c t  o p e r a t o r s  o f  T a r e  d e f in e d  b y :
DT s ( I  -  T*T) ^  and  = ( I  -  TT*)^
The d e f e c t  s p a c e s ,  E^ and E ^ ,  a r e  d e f i n e d  t o  be  t h e  c l o s u r e  o f  the. 
r a n g e s  o f  and DtA , r e s p e c t i v e l y .  The d im e n s io n s ,  dT and d ^ ,  o f  
Et and E^a a r e  c a l l e d  t h e  d e f e c t  i n d i c e s  o f  T. F o r  e v e ry  z i n  t h e  u n i t  
d i s k ,  d e f i n e  0T (z )  from  E^ to  EtA b y :
0T (z )  = -T  + zDt a ( I  -  zT )_1Dt I Et
Then 0 i s  a  bounded a n a l y t i c  f u n c t i o n  i n  M(E , E ,^A) and i s  c a l l e d  th e  
c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n  o f  T [HA, p g .  2 3 7 ] .
The s i g n i f i c a n c e  o f  t h e s e  d e f i n i t i o n s  i s  t h a t  th e y  a l l o w  an  
a r b i t r a r y  C q c o n t r a c t i o n  to  b e  r e p r e s e n t e d  as  a  co m p re s s io n  o f  a  u n i ­
l a t e r a l  s h i f t .  More p r e c i s e l y ,  T i s  a  C q c o n t r a c t i o n  i f  and  o n ly  i f  
0T i s  i n n e r  and S (0 T) i s  u n i t a r i l y  e q u i v a l e n t  t o  T [HA, pg .  2 4 8 ] .  U sing  
t h i s  r e p r e s e n t a t i o n ,  Sz .-N agy  [HA, p g .  258] e x te n d e d  a  r e p r e s e n t a t i o n  o f
th e  s i n g l e  commutant w hich  S a ra s o n  [18] h ad  f i r s t  o b t a i n e d  f o r  t h e  u n i ­
l a t e r a l  s h i f t .  We w i l l  s t a t e  a C v e r s i o n  o f  i t  h e r e ,  s i n c e  we w i l l
• °
b e  r e f e r r i n g  t o  i t  f r e q u e n t l y .
The L i f t i n g  Theorem
Suppose t h a t  0 e M(F, E) and  0 '  e M (F ',  E ' )  a r e  i n n e r .  (T h u s ,
S (0) and S ( 0 ' )  a r e  a r b i t r a r y  C q c o n t r a c t i o n s . )  An o p e r a t o r  X 
i n t e r t w i n e s  S (0 )  and S ( 0 T) ,  i e .  S (0)X  = X S ( 0 ' ) ,  i f  and  o n ly  i f
t h e r e  e x i s t s  a  Y e  M (E ',  E) su ch  t h a t  X = PY | H ( 0 ' )  and
2 2 2 Y0'Hp <Z0Rp, w here  P i s  t h e  o r th o g o n a l  p r o j e c t i o n  o f  o n to
H ( 0 ) .
A n o th e r  im p o r t a n t  p r o p e r t y  o f  t h e  c h a r a c t e r i s t i c  o p e r a t o r  f u n c ­
t i o n  i s  t h e  e a s e  w i t h  w h ich  we c a n  d e f i n e  t h e  N ag y -F o ia$  f u n c t i o n a l  c a l ­
c u lu s  f o r  C o c o n t r a c t i o n s  [HA, p g .  1 1 4 ] .  L e t  T = S (0 )  b e  a  C q c o n t r a c ­
t i o n  w h ere  0 e AJ(E, F) . For u  e H , d e f i n e  u (T )  on H(0) by u (T )h  e P ( u h ) ,
2
w here  P i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  H^ , o n to  H ( 0 ) . ■ T h is  a g r e e s  w i th  
t h e  u s u a l  f u n c t i o n a l  c a l c u l u s  f o r  p o ly n o m ia ls ,  i e .
n  , n ,
P(T) = I  a  T f o r  p ( z )  = £ a z
k=0 k k=0 K
I t  a l s o  a g r e e s  w i t h  t h e  u s u a l  f u n c t i o n a l  c a l c u l u s  f o r  n o rm al  o p e r a t o r s
( i e .  i f  T i s  a l s o  n o rm a l ,  t h e n  u (T )  i s  t h e  i n t e g r a l  o f  u ( z )  w i t h  r e s p e c t  
t o  t h e  s p e c t r a l  m e a s u re  o f  T ) .
A n o th e r  im p o r t a n t  c l a s s  o f  c o n t r a c t i o n s  i s  Cq , w h ich  c o n s i s t s
oo
o f  t h o s e  C c o n t r a c t i o n s ,  T, f o r  w h ich  t h e r e  e x i s t s  a  n o n - z e r o  H - f u n c t i o n ,  . o ’ ’
u ,  w h ich  a n n i h i l a t e s  T ( i e .  f o r  w h ich  u (T )  = 0 ) .  Every  su ch  o p e r a t o r  h a s  
a  m in im a l a n n i h i l a t o r ,  i n  t h e  s e n s e  t h a t  e v e r y  a n n i h i l a t o r  i s  a  m u l t i p l e  
o f  i t .  I t  i s  c a l l e d  t h e  m in im a l  f u n c t i o n  o f  T and i s  w r i t t e n  m^ [HA, pg . 
1 2 3 ] .  F o r  any i n t e g e r  N, th e  s u b c l a s s  Cq (N) c o n s i s t s  o f  t h o s e  Cq c o n t r a c ­
t i o n s  w i t h  one (and  h e n c e  b o t h )  d e f e c t  i n d i c e s  e q u a l  t o  N [HA, p g .  3 5 0 ] .
The l a s t  and  l a r g e s t  c l a s s  o f  c o n t r a c t i o n s  t h a t  we w i l l  c o n s i d e r
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i s  t h e  c o m p le te ly  n o n - u n i t a r y  (CNU) c o n t r a c t i o n s .  A c o n t r a c t i o n ,  T, i s  
c a l l e d  CNU i f  i t  h a s  no n o n - z e r o  r e d u c i n g  s u b s p a c e s  t o  w h ich  i t s  r e s t r i c ­
t i o n  i s  u n i t a r y .  I t  i s  w e l l  known [HA, p g .  9] t h a t  e v e ry  c o n t r a c t i o n  h a s  
a  c a n o n ic a l  d e c o m p o s i t io n  a s  t h e  d i r e c t  sum o f  a  u n i t a r y  p a r t  and a  com­
p l e t e l y  n o n - u n i t a r y  p a r t .  E very  C q (and h e n c e  e v e r y  Cq ) c o n t r a c t i o n  i s  
CNU. Much o f  t h e  t h e o r y  f o r  C q c o n t r a c t i o n s  p r e s e n t e d  so  f a r  can  b e  ex ­
ten d ed  t o  CNU c o n t r a c t i o n s ;  h o w ev er ,  0^ i s  no l o n g e r  i n n e r  and S (0 )  and 
H(0) become more c o m p l ic a te d  [HA,pg. 2 4 8 ] .  I t  i s  known [1 3 ,  p g .  180] 
t h a t  e v e ry  CNU c o n t r a c t i o n  i s  a  c o m p re s s io n  o f  a  u n i t a r y ,  c a l l e d  i t s  
u n i t a r y  d i l a t i o n ,  whose s c a l a r  s p e c t r a l  m e asu re  i s  a b s o l u t e l y  c o n t in u o u s  
w i th  r e s p e c t  t o  L eb esg u e  m e a s u r e .  F u r t h e r ,  i t  i s  p o s s i b l e  t o  d e f i n e  a 
f u n c t i o n a l  c a l c u l u s  f o r  any CNU c o n t r a c t i o n ,  T, a s  f o l l o w s :  f o r  any
CO
H - f u n c t i o n ,  a ,  d e f i n e  a (T )  t o  b e  t h e  co m p re s s io n  o f  a(U) w here  U i s  t h e  
u n i t a r y  d i l a t i o n  o f  T [HA, p g .  1 3 ] .  The f u n c t i o n a l  c a l c u l u s  d e f in e d  i n  
t h i s  way a g r e e s  w i t h  t h e  N a g y -F o ia f  f u n c t i o n a l  c a l c u l u s  [HA, pg .  1 1 4 ] .
SECTION I I
RP-EQUIVALENCE AND JORDAN MODELS
I n  t h i s  s e c t i o n ,  t h e  r e l a t i o n  o f  R P -E q u iv a le n c e  i s  i n t r o d u c e d
and a p p l i e d  t o  t h e  p ro b lem  o f  f i n d i n g  J o rd a n  m odels  f o r  q u a s i - s i m i l a r i t y
c l a s s e s  o f  C c o n t r a c t i o n s .  I n  [ 2 5 ] ,  S z .-N agy  and F o ia s  d e v e lo p e d  th e  o ’
th e o ry  o f  J o r d a n  m odels  f o r  Cq c o n t r a c t i o n s .  A l a t e r  e x t e n s i o n  [1] 
proved  t h a t  f o r  a  Cq c o n t r a c t i o n ,  T, on a s e p a r a b l e  H i l b e r t  s p a c e ,  H, 
t h e r e  e x i s t s  a  u n iq u e  o p e r a t o r  S(M), w h ich  i s  q u a s i - s i m i l a r  to  T, w here  
S(M) i s  c a l l e d  t h e  J o r d a n  m odel f o r  T and h a s  t h e  f o l l o w i n g  p r o p e r t i e s :
oo
( i )  M = {m.}. i s  a  s e q u e n c e  o f  i n n e r  f u n c t i o n s .
J J=1
( i i )  m. d i v i d e s  m . , ,  f o r  a l l  i .
J J + l
and ( i i i )  S(M) = S(m^) <& SCn^) ® ^On^) ® • • •
Moore and N ord g ren  h av e  shown [11 and 12] t h a t ,  f o r  a  Cq c o n t r a c t i o n  w i th  
f i n i t e  d e f e c t  i n d i c e s ,  t h e  te rm s o f  t h e  s e q u e n c e  a r e  t h e  i n v a r i a n t  f a c t o r s  
of  i t s  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n .  F u r t h e r ,  t h e y  i n t r o d u c e d  th e  
n o t io n  o f  q u a s i - e q u i v a l e n c e ,  w h ich  " l i f t s "  q u a s i - s i m i l a r i t y  f o r  o p e r a t o r s  
w i th  f i n i t e  d e f e c t .  T h a t  i s ,  two Cq c o n t r a c t i o n s  w i t h  f i n i t e  d e f e c t  i n ­
d i c e s  a r e  q u a s i - s i m i l a r  i f  and  o n ly  i f  t h e i r  c h a r a c t e r i s t i c  o p e r a t o r
00
f u n c t i o n s ,  when v iew ed  a s  m a t r i c e s  o v e r  H , a r e  q u a s i - e q u i v a l e n t . I t  
was my i n t e n t  t o  e x te n d  t h i s  r e l a t i o n s h i p  to  a  l a r g e r  c l a s s  o f  o p e r a t o r s .  
A lthough  t h e  f o l l o w i n g  s e c t i o n  e x te n d s  t h e  r e l a t i o n s h i p  t o  i n c l u d e  c e r t a i n  
" d ia g o n a l "  o p e r a t o r s ,  th e  more g e n e r a l  q u e s t i o n  r e m a in s  u n s o lv e d .
T hro u g h o u t  . the  re m a in d e r  o f  t h i s  s e c t i o n ,  l e t  M b e  t h e  a l g e b r a ,
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M(E, E ) , o f  a n a l y t i c ,  w e a k ly -m e a s u r a b le ,  e s s e n t i a l l y - b o u n d e d  f u n c t i o n s  
from th e  u n i t  d i s k  to  t h e  a l g e b r a  o f  bounded  o p e r a t o r s  on a  f i x e d ,
00
s e p a r a b l e  H i l b e r t  s p a c e ,  E. L e t  E h a v e  a n  o r th o n o rm a l  b a s i s  {e^}
it 0 0We w i l l  a lw ays  c o n s i d e r  M a s  a  m a t r i x  a l g e b r a  o v e r  H .
DEFINITION F o r  0 ,  0 '  e II, t o  s a y  t h a t  0 i s  R P -E q u iv a le n t  t o  0 '  w i l l
If 00mean t h a t  t h e r e  e x i s t s  X, Y e  M and 6 ,  y  e  H , su ch  t h a t
(1 ) y i s  a  s c a l a r  m u l t i p l e  o f  b o t h  0 and 0 ' ,
(2 )  6 i s  a  s c a l a r  m u l t i p l e  o f  b o t h  X and Y,
(3 )  X0 = 0 'Y ,
and (4) 6 a r e  y  r e l a t i v e l y  p r im e .
I n  o r d e r  t o  j u s t i f y  u s i n g  t h e  word " e q u i v a l e n t " ,  i t  s h o u ld  b e  an  
e q u iv a l e n c e  r e l a t i o n .  B e fo re  p ro v in g  t h a t ,  we w i l l  n eed  t h e  f o l l o w i n g  
two lemmas:
LEMMA 1 R P -E q u iv a le n c e  i s  sy m m etr ic  on M.
P r o o f ) :  Suppose 0 i s  R P - e q u i v a l e n t  t o  0 ' .  T hen , t h e r e  e x i s t s  X, YeM and
00
6, ysH as  ab o v e .  S in c e  6 i s  a  s c a l a r  m u l t i p l e  o f  X, t h e r e  e x i s t s  an  
Xad ^eM, such  t h a t  (Xad^)X  = ( 6 1 ) ,  w h ere  I  i s  t h e  i d e n t i t y  on M. S i m i l a r l y ,
t h e r e  e x i s t s  Yad^cM, s u c h  t h a t  Y(Yad^ )  = ( 6 1 ) .  M u l t i p l y i n g  (3 ) above by
Xad  ^ on t h e  r i g h t  and by  Yad~* on t h e  l e f t ,  y i e l d s :  (Xad^)X0(Yad^ )  =
(Xa d j )0 'Y (Y ad;j) .  T h is  r e d u c e s  t o  (6 I ) 0 (Y ad:j) = (61) (Xad:i) 0 ' . We can 
c a n c e l  ( 6 1 ) ,  s i n c e  6 i s  r e l a t i v e l y  p r im e  to  y  and h e n c e  n o n - z e r o .
So , we a r e  l e f t  w i t h  (Xad ^ ) 0 '  = 0(Ya d ^ ) .  B u t ,  t h i s  shows t h a t  
0 '  i s  R P - e q u iv a l e n t  to  0 ,  s i n c e  Xad ~* and Yad  ^ b o t h  h a v e  6 a s  a  s c a l a r  
m u l t i p l e .  Q .E .D .
14
N ote  t h a t  e a c h  e le m e n t  o f  M h a s  a  m in im a l  s c a l a r  m u l t i p l e  ( a l s o  
c a l l e d  t h e  c h a r a c t e r i s t i c  s c a l a r  m u l t i p l e  [ s e e  9])» s i n c e  t h e  g r e a t e s t  
common d i v i s o r  o f  t h e  s e t  o f  a l l  s c a l a r  m u l t i p l e s  e x i s t s  and  i s  i t s e l f  
a s c a l a r  m u l t i p l e .  A v e r y  u s e f u l  p r o p e r t y  o f  R P - e q u iv a le n c e  i s
LEMMA 2 R P - e q u iv a le n c e  p r e s e r v e s  m in im a l  s c a l a r  m u l t i p l e s .
P r o o f ) :  L e t  0^ b e  R P - e q u iv a l e n t  t o  0 Le t  y^ and y 2  b e  t h e  m in im a l
s c a l a r  m u l t i p l e s  o f  0^ and 02> r e s p e c t i v e l y .  I t  w i l l  b e  s u f f i c i e n t  to
show t h a t  y^ i s  a  s c a l a r  m u l t i p l e  o f  0 2> s i n c e  t h i s  would im p ly  t h a t  y 2
d i v i d e s  y^ ( s i n c e  y 2  i s  m in im a l ) .  B ut by Lemma 1 ,  we w ould  th e n  h av e
t h a t  y^ d i v i d e s  Hence we w ould  h a v e  Y - j* ^  (UP t o  a  c o n s t a n t )  .
2
F i r s t ,  we w i l l  show t h a t  6  y^ i s  a  s c a l a r  m u l t i p l e  o f  0 2 » As
b e f o r e ,  t h e r e  e x i s t s  6 , y ,  X, Y, Xa d ^ , and Yad  ^ s u c h  t h a t  X0^=02Y,
XXa ^ = X a ^ X = ( 6 I ) , YYa d -*=Ya d ^Y=( 6 I ) , y i s  a  m u l t i p l e  o f  y and  y 2> and 
y i s  r e l a t i v e l y  p r im e  to  6 . F u r t h e r ,  s i n c e  y^ i s  a  s c a l a r  m u l t i p l e  oi 
0 ^ ,  t h e r e  e x i s t s  a  0 ad ^eM, su ch  t h a t  = ®1 ^ " ^ 0 1  = '
D i r e c t  c a l c u l a t i o n s  show t h a t :
0 2  j (6 I )Y 0 ad-i Xa d : 3  J = (61) (0 2 Y)0a d j Xad:i = (61) (X01 ) 0 ad:3 Xa d : 3
= ( 6 I ) X (y I ) X a d j  = ( 6 yI)(X X a d j ) = ( 6 2 y l )
and I ( 6 I)Y 0 ad ^Xad^ J 0 £ = Y0 a d j x ad;i 0 2  (61) = Y0 a d j x a d j  ( 0 2 Y)Yad;i|  ;3
= Y0ad ;iXa d ^ (X0l )Yad:3 = (6 I )Y 0 a d ^ 0 1Yad:j 
= ( 6 yI)YYad j  = ( 6 2 y l )
2
T h e r e f o r e ,  0 2  h a s  s c a l a r  m u l t i p l e  o f  6  y .
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B u t ,  we a l s o  know t h a t  y i s  a  s c a l a r  m u l t i p l e  o f  0 2 * T h e r e f o r e ,
t h e i r  g . c . d .  m u s t  a l s o  b e  a  s c a l a r  m u l t i p l e  o f  ©2 . S in c e  6  (and  h en c e  
2
6  ) i s  r e l a t i v e l y  p r im e  t o  y and s i n c e  y^ d i v i d e s  y ,  t h e i r  g . c . d .  m ust 
b e  y ^ .  Q .E .D .
W ith  t h e  lemmas c o m p le te d ,  t h e  r e a s o n  f o r  t h e  te rm  "R P -e q u iv a ­
l e n c e "  ca n  now b e  p ro v e n  a s
THEOREM 3 R P - e q u iv a le n c e  i s  an  e q u i v a l e n c e  r e l a t i o n  on  M.
P r o o f ) :  Symmetry was p ro v e n  a s  Lemma 1. To p ro v e  t h e  r e f l e x i v e  p r o p e r t y ,
l e t  0sM and o b s e r v e  t h a t  10 = 0 1 .  L e t  y b e  any s c a l a r  m u l t i p l e  o f  0
( p o s s i b l y  z e r o ) .  Then 0 i s  R P - e q u i v a l e n t  t o  0 ,  s i n c e  1 i s  a  s c a l a r  m u l­
t i p l e  o f  I  and  t h e  g . c . d .  o f  1 w i t h  y i s  1 (ev en  i f  y = 0 ) .
To p ro v e  t r a n s i t i v i t y ,  su p p o se  0^ i s  R P - e q u iv a l e n t  t o  9^  and © 2  
i s  R P - e q u iv a l e n t  t o  0 ^ .  A p p ly in g  t h e  d e f i n i t i o n  o f  R P - e q u iv a le n c e  and 
t h e  d e f i n i t i o n  o f  s c a l a r  m u l t i p l e ,  we h av e  t h a t  t h e r e  e x i s t s  y ^ ,  y^*
<S2 e H~ and  X , X , Y , Y , X®d J , X ^ , Y*dj , e M, such  t h a t
V  V v  xr -
(a ) Xiei - e2




(e ) 0 ^ and © 2
( f ) 0 2  and 0 3
and (g) yk  a n d . 6 k
_ ( 6  I ) ,  f o r  k = l , 2
YkX^d j  = ( 6 k I ) ,  f o r  k = l , 2
S e t t i n g  = X2 Xi  and Y 3  5  Y2 Y1 ’ We ° ^ s e r v e  fc^ a t
S im i l a r  c a l c u l a t i o n s  w i l l  show t h a t  and h a v e  s c a l a r  m u l t i p l e  
We would l i k e  t o  now c l a im  t h a t  r e l a t i v e l y  p t im e  t o  y ^ y 2  (which
i s  a  s c a l a r  m u l t i p l e  o f  b o t h  0 ^ and  0 ^ ) ,  i n  w h ich  c a s e  we would b e  done .  
U n f o r t u n a t e l y ,  t h i s  need  n o t  b e  t r u e ,  s i n c e  y^ and 6 ^ m ig h t  h av e  a  f a c t o r  
i n  common. To a v o id  t h i s ,  l e t  y b e  t h e  m in im a l  s c a l a r  m u l t i p l e  o f  0 ^ .
By Lemma 2 ,  y i s  a l s o  t h e  m in im a l  s c a l a r  m u l t i p l e  o f  0£ and h e n c e  o f  0^> 
a s  w e l l .  By (g) ab o v e ,  6 ^  i s  r e l a t i v e l y  p r im e  to  y ^ ,  f o r  k = l , 2 .  But y^  
i s  a  m u l t i p l e  o f  y ;  h e n c e ,  6 ^  i s  r e l a t i v e l y  p r im e  to  y ,  f o r  k = l , 2 .  T h e re ­
f o r e ,  <5 ^ 6 2  i s  r e l a t i v e l y  p r im e  to  y .  So, we h a v e  shown t h a t  and 
h av e  a common m u l t i p l e  C1^ ^ )  w h ic h  i s  r e l a t i v e l y  p r im e  to  a  common m ul­
t i p l e  o f  0^ and 0 ^ ,  nam ely y .  Q .E.D.
F or t h e  f o l l o w i n g  d e f i n i t i o n s ,  l e t  T^ and T2  b e  o p e r a t o r s  d e f in e d  
on H i l b e r t  s p a c e s  and r e s p e c t i v e l y ;  and ,  l e t  V b e  an  o p e r a t o r  from  
t o  H2 . An o p e r a t o r  V i s  c a l l e d  a  q u a s i - a f f i n i t y  i f  i t  i s  o n e - to - o n e  
and h a s  d e n s e  r a n g e .  The o p e r a t o r  T^ i s  c a l l e d  a  q u a s i - a f f i n e  t r a n s f o r m  
o f  T2  i f  t h e r e  e x i s t s  a  q u a s i - a f f i n i t y ,  V, su ch  t h a t  VT^ = T2 V. I f  T^ 
and T2  a r e  b o t h  q u a s i - a f f i n e  t r a n s f o r m s  o f  e a c h  o t h e r ,  t h e n  T^ and T2  
a r e  s a i d  t o  b e  q u a s i - s i m i l a r  [ c f .  HA, p g .  7 0 ] .
The o r i g i n a l  m o t i v a t i o n  f o r  t h e  s tu d y  o f  R P -e q u iv a le n c e  was th e  
o b s e r v a t i o n  t h a t  t h e  p r e v i o u s l y  m en t io n ed  r e s u l t  by  Moore and N o rd g ren  
[11 ,  Theorem 3] was b a s e d  n o t  on t h e i r  d e f i n i t i o n  o f  q u a s i - e q u i v a l e n c e  
b u t  on a  p r o p e r t y  o f  i t  [12 ,  C o r o l l a r y  3 . 3 ] .  T h e i r  r e s u l t  i s  m o d i f i e d  
and g e n e r a l i z e d  to  remove t h e  f i n i t e  d e f e c t  in d e x  r e s t r i c t i o n  a f t e r  th e  
f o l lo w in g  lemma.
17
LEMMA 4 Suppose X, Y, 0 ^ ,  0^  a r e  e l e m e n ts  o f  M such  t h a t  X0^ = ©2 Y* 
F u r t h e r  s u p p o se  t h a t  S(0, ) i s  a  C c o n t r a c t i o n  f o r  k = l , 2 ;
AC • O
an d ,  V = PX | f / ( 0 ^ ) ,  w here  P i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  
o n to  H(©2 ^•
2 2(a )  V i s  o n e - t o - o n e  i f  and o n ly  i f  f o r  a l l  f  e L ^ ,  Yf e H^
2 2 and 0 ^ f  e H^ , i m p l i e s  f  e H^.
2
(b) V h a s  d e n s e  ra n g e  i f  and o n ly  i f  t h e  s p a n  o f  XHg and
° 2 HE 1 s  4'
(c )  V i s  o n to  i f  and o n ly  i f  XH^ +  =
P ro o f  o f  a ) ;  By h y p o t h e s i s ,  S(0 ) i s  a  C c o n t r a c t i o n ,  f o r  k = l , 2 .
Ac • O
T h e r e f o r e ,  ®|c( z ) i s  an  i s o m e t r y  f o r  a lm o s t  e v e ry  z i n  t h e  open  u n i t
d i s k  [ s e e  HA, pg .  1 9 0 ] .  B u t ,  t h i s  im p l i e s  t h a t  0 ^  i s  a n  i s o m e t r y  on
2 2 H [ s e e  HA, p g .  1 9 0 ] ,  and h e n c e ,  0 i s  u n i t a r y  on L , f o r  k = l , 2 .
E Ac E
2 2 Suppose t h a t  V i s  o n e - t o - o n e ,  f  £ L , and Y f,  0 f  £ H . S in c e
E X E
0 0 0 
H = H(0 ) 0  0 H , t h e r e  e x i s t s  a  ( u n iq u e )  g £ ^(©..) and h  £ IL, su ch  t h a t  
E X X E X E
0 ^ f  = g + O^h. But t h e n ,  Xg = X ^ f  -  0 ^ )  = ®2 ^Yf “  • S in c e  b o t h
Yf and Yh a r e  i n  H^, we h av e  Xg £ ®2He * T h e r e f o r e ,  PXg = 0 .  B ut PXg = Vg
and V was assumed t o  b e  o n e - t o - o n e .  T h e r e f o r e ,  g = 0 ,  and h en c e  0 ^ f  = 0 ^h .
2
S in c e  0 i s  u n i t a r y ,  we h av e  f  = h and h e n c e  f  £ H .
X E
C o n v e r s e ly ,  s u p p o se  t h a t  u i s  i n  t h e  k e r n e l  o f  V. Then , u e H(O^)
2 * 2  *  and Xu e ©2 ^ •  I f  h  = 0 jU , t h e n  0^h e Hg, s i n c e  0^h = 0 ^ (0 ^ u )  = u .  A l s o ,
Yh e Hg, s i n c e  ©2 Yb = X0^h = Xu e  ©2 ^ *  BY h y p o t h e s i s  t h e n ,  h  e  H^. B u t ,
2t h i s  im p l i e s  t h a t  u e 0-.H and a l s o  u e  t f ( 0 , ) .  T h e r e f o r e ,  u = 0 ,  showing
X E X
t h a t  V i s  o n e - to - o n e .
2 2 2 P ro o f  o f  b ) :  Suppose XH and 0 OH do n o t  s p a n  H . Then , t h e r e  e x i s t s  a
E /  E E
o
n o n -z e ro  f  e H^ such  t h a t  f  J_ Xg and f  = P f ,  f o r  a l l  g e H(Q^).  But t h e n ,
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< f ,  Vg> = < f ,  PXg> = < P f ,  Xg> = < f ,  Xg> = 0 ,  f o r  a l l  g e H (0 ) .  T h e r e f o r e ,  
f  J_ VH(©1 ) ; and h e n c e ,  V d o es  n o t  h a v e  d e n s e  r a n g e .
C o n v e r s e ly ,  su p p o se  V d o es  n o t  h av e  d e n s e  r a n g e .  Then t h e r e
2 2 e x i s t s  a  n o n -z e ro  f u n c t i o n ,  f ,  such  t h a t  f  J_ anc* ^ J_ VH(0^).
2
I f  g i s  any H f u n c t i o n ,  t h e n  i t  can  b e  e x p r e s s e d  a s  g = g '  +  0 ..h , w here  £ 1
g '  e H(0^) and h  e H^. Then, < f ,  Xg> = < f ,  Xg'> + < f ,  X0^h>. B u t ,
< f ,  X0^h> = < f , ®2Y*1> = s:*-n c e  f  J_ ®2^E‘ A ls o ,
< f ,  Xg’> = < P f ,  Xg’ > = < f ,  Vg '>  = 0 ,  s i n c e  f  e ^ ( 0 2  ^ an<  ^ ^ J_V H (0^).
2 2 2 2T h e r e f o r e ,  f  J_ XH^. Hence, XH^ and 0 2 ^  do n o t  s p a n  H ,^.
2
= H^,. I n  p a r t i c u l a r  f o r  f  z HCQ^),  there  
e x i s t s  g ,  h  e s u c h  t h a t  f  = Xg +  02h . Then , f  = P f  = P(Xg + 02§) =
Vg + P02§ = Vg. T h e r e f o r e ,  V i s  o n to .
2
C o n v e r s e ly ,  su p p o se  V i s  o n t o .  F o r  any H^ , f u n c t i o n  f , t h e r e  e x i s t s
2
a  (u n iq u e )  g e ^(© 2 ) and h e su ch  t h a t  f  = g +  02^* Then , s i n c e  V i s
o n to ,  t h e r e  e x i s t s  a  g '  e H (0^) such  t h a t  g = P X g '.  B u t ,  PXg' = Xg' +  0 2^ '>  
2
f o r  some h '  e H^,, T hus ,
f  = g + 0 2h = (Xg' +  02h ' )  +  0 2h = X ( g ' )  +  02 (h +  h ' ) .
Hence, f  e XH^ +  0 ^ .  Q .E.D.
W ith t h i s  d o n e ,  t h e  m ain  th eo rem  o f  t h i s  s e c t i o n  can  now b e  s t a t e d .
THEOREM 5 I f  T, and  T„ a r e  C c o n t r a c t i o n s  whose c h a r a c t e r i s t i c  o p e r a t o r  ---------------------  1 2 . 0
f u n c t i o n s  a r e  R P - e q u i v a l e n t , t h e n  th e y  a r e  q u a s i - s i m i l a r .
P r o o f ) : L e t  T., and T„ b e  C c o n t r a c t i o n s  whose c h a r a c t e r i s t i c  o p e r a t o r1 fa • o
CO
f u n c t i o n s  0^ and 0^ a r e  R P - e q u i v a l e n t .  Then, t h e r e  e x i s t s  <5, y e H and 
X, Y, Xa d j , Ya d ^ , 0 ad^ , and 0a d  ^ i n  M such  t h a t :
2 2P ro o f  o f  c ) : S uppose X1L, +  ©2 ^
19 f
(a ) X0X = o2y,
(b ) xxadj = xadjx = 61,
(c ) YYa d j = Ya d j Y = 61,
(d ) \ < dJ -  < d\ = y l ,  f o r  k = l
and (e ) 6 and y a r e  r e l a t i v e l y  p r im e .
2
D e f in e  t o  b e  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  Hg o n to  H(O^) ,  f o r  k = l , 2 .
D e f in e  V from  H(Q^)  i n t o  H(02 ) by Vf = P2X f.  O b se rv e  t h a t  P2X i s  z e ro
on 0 H^, s i n c e  (P2X )01 = P 2 (0 2Y) = (P20 2 )Y = 0 .  T h e r e f o r e ,  P2X = V XP .
2
L e t  U. b e  t h e  u n i l a t e r a l  s h i f t  on  H_. S in c e  U. commutes w i t h  
+  E +
2a l l  m u l t i p l i c a t i o n  o p e r a t o r s  ( i n  p a r t i c u l a r  X) and s i n c e  0 OH i s  i n v a r i a n tJL £
u n d e r  U+ , we h a v e ,  f o r  a l l  f  e H (0 ^ ) ,
(P2XP1 )U+ f  = P2 (XU+ ) f  = P2U+ (P2X ) f .
Thus, s i n c e  V = P2X, S (0 ^ )  = P-jU+’ anc  ^ ^ ® 2 ^  E **2^+’ We ^ ave  
VS(01 ) = S (0 2 )V.
2To p ro v e  t h a t  V i s  o n e - t o - o n e ,  s u p p o se  t h a t  h  e L and t h a t  b o th
£
Yh and 0^h a r e  f u n c t i o n s .  U sing  ( c ) , we h a v e  t h a t  6h = Ya ^ Y h  € Ya ^ H ^  C h^ ,
S i m i l a r l y  by  (d) , we h av e  yh = 0ad"*0jh e 0ad ^H^ C H ^ .  L e t  (h^)  b e  t h e
2v e c t o r  r e p r e s e n t a t i o n  o f  h .  By t h e  a b o v e ,  6h^ and y lu  a r e  b o t h  i n  H f o r
a l l  j .  But 6 and y a r e  r e l a t i v e l y  p r im e  by ( e ) ; t h e r e f o r e ,  by  a  lemma o f
2 2 Sz .-N agy [ 2 0 ] ,  k  e H f o r  a l l  j .  T h e r e f o r e  h e H^, and h e n c e ,  by Lemma 4 a ,
V i s  o n e - to - o n e .
To p ro v e  t h a t  V h a s  d e n s e  r a n g e ,  su p p o s e  t h a t  w e H(d^)  and i s
2 2 p e r p e n d i c u l a r  t o  XH^. L e t  e „  b e  a  s t a n d a r d  b a s i s  e le m e n t  f o r  , nam ely :
7? i n  th e  i*"*1 c o o r d i n a t e  and  z e r o e s  e l s e w h e r e .  By ( b ) ,  S e ^  = ^ a ^ e i j  e
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t h e r e f o r e ,  w J_ 6e . ,  f o r  a l l  i  and  j .  S i m i l a r l y ,  by  ( d ) , y e . =
l j  1 J
0 0 ^ ^ e .  . e 0„Hp, and t h e r e f o r e  w J_ y e . . ,  f o r  a l l  i  and j ,  s i n c e  w e H (0 „ ) .2 2 l j  2 E i j  2
But by  ( e ) , 6 and y a r e  r e l a t i v e l y  p r im e ;  t h u s ,  b y  B e u r l i n g ' s  th eo rem  
[ 3 ] ,  w J_ e „  f o r  a l l  i  and j .  T h e r e f o r e ,  w = 0 ,  and h e n c e  by  Lemma 4b ,
V h a s  d e n s e  r a n g e .
So , we h a v e  p ro d u c ed  a  q u a s i - a f f i n i t y ,  V, su ch  t h a t  VS(0^) = S(©2 )V; 
t h e r e f o r e ,  S (0 ^ )  i s  a  q u a s i - a f f i n e  t r a n s f o r m  o f  S ( 0 2 ) .  By symmetry (Lemma 1 ) ,  
S (0^) and S(Q^)  a r e  q u a s i - s i m i l a r .  B u t ,  i s  u n i t a r i l y  e q u i v a l e n t  t o  S ( 0 ^ ) ,  
f o r  k = l , 2  [ s e e  HA, p ag e  2 4 8 ] ;  t h e r e f o r e ,  T^ i s  q u a s i - s i m i l a r  t o  T2 » Q .E .D .
Now t h a t  t h e  b a s i c  p r o p e r t i e s  o f  R P - e q u iv a le n c e  h a v e  b e e n  e s t a b l i s h e d ,  
l e t  u s  com pare i t s  s t r e n g t h  r e l a t i v e  t o  q u a s i - e q u i v a l e n c e .
The o r i g i n a l  d e f i n i t i o n  o f  q u a s i - e q u i v a l e n c e  [12] w en t a s  f o l l o w s :  
f o r  any X e M, d e n o te  by  6(X) t h e  m in im a l  s c a l a r  m u l t i p l e  o f  X. Then a 
s u b s e t  X o f  M i s  c a l l e d  a  QUASI-UNIT i f  t h e  s e t  {6(X) : X e X} i s  r e l a t i v e l y  
p r im e .  I f  t h e r e  e x i s t s  q u a s i - u n i t s  X and V su ch  t h a t  {X0^ : X eX} =
{02Y : Y e y>, th e n  0 ;L i s  c a l l e d  QUASI-EQUIVALENT to  0 2 -
The d e f i n i t i o n  o f  q u a s i - e q u i v a l e n c e  was l a t e r  m o d i f i e d  [2 8 ,  26 , and 
23] a s  f o l l o w s :  f o r  any  i n n e r  f u n c t i o n  w, we sa y  t h a t  0^ i s  to-EQUIVALENT
to  © 2  i f  t h e r e  e x i s t s  X, Y e M su ch  t h a t  X0^ = Q^Y and 6(X)6(Y ) i s  r e l a ­
t i v e l y  p r im e  to  o>. T hen , 0^ i s  c a l l e d  QUASI-EQUIVALENT t o  0^  i f  0-  ^ i s
u ) - e q u iv a le n t  t o  © 2  f o r  ev e ry  n o n - z e r o  i n n e r  f u n c t i o n  m. T h e i r  r e l a t i v e
s t r e n g t h s  a r e  summed up a s :
THEOREM 6 Suppose 0 ^ ,  0^  e M and b o t h  h a v e  n o n - z e r o  s c a l a r  m u l t i p l e s .
(a )  I f  0^ and a r e  q u a s i - e q u i v a l e n t ,  i n  t h e  l a t t e r  s e n s e ,
t h e n  th e y  a r e  R P - e q u i v a l e n t .
(b )  I f  0^ and a r e  R P - e q u i v a l e n t ,  t h e n  th e y  a r e  q u a s i ­
e q u i v a l e n t ,  i n  t h e  fo rm e r  s e n s e .
(c )  I f  t h e  u n d e r l y i n g  s p a c e  E i s  f i n i t e  d i m e n s i o n a l ,  t h e n  
a l l  t h r e e  d e f i n i t i o n s  c o i n c i d e .
P r o o f ) :  To p ro v e  p a r t  ( a ) ,  su p p o s e  t h a t  0^ i s  c o - e q u iv a le n t  t o  0^ f o r
ev e ry  n o n - z e r o  i n n e r  f u n c t i o n  to. I n  p a r t i c u l a r ,  th e y  a r e  c o -e q u iv a le n t  
f o r  co = 6 ( 0 ^ ) 6 ( 0 2 ) ,  s i n c e  by h y p o t h e s i s ,  t h i s  i s  n o n - z e r o .  By d e f i n i ­
t i o n ,  t h e r e  e x i s t s  X, Y e M su ch  t h a t  X0^ = Q^i  and 6(X)S(Y) i s  r e l a t i v e l y  
p r im e  to  co. I f  6 = 6(X )6(Y ) and y = co, th e n  i t  f o l l o w s  t h a t  0^ i s  RP- 
e q u i v a l e n t  t o  Q^,  s i n c e  6 i s  a  s c a l a r  m u l t i p l e  o f  X and  Y and y i s  a 
s c a l a r  m u l t i p l e  o f  0^ and 0 ^ .
To p ro v e  p a r t  ( b ) , su p p o s e  t h a t  0^ i s  R P - e q u iv a l e n t  t o  0 £ .  De­
f i n e  6 ,  y ,  X, and  Y a s  i n  t h e  d e f i n i t i o n  o f  R P - e q u iv a l e n c e .  I f  X = {X, 0 ^ )  
and V = {Y, 0 1 }, t h e n  {XO^, = {0 2Y> ®20 1 ^ '  A l s o » ^  i s  a  q u a s i - u n i t
s i n c e  6(X) d i v i d e s  6 and 6 (0 ^ )  d i v i d e s  y ,  and h e n c e ,  t h e i r  g . c . d .  d i v i d e s  
b o t h .  S i m i l a r l y ,  Y i s  a  q u a s i - u n i t .
To p ro v e  p a r t  ( c ) , i t  r e m a in s  o n ly  t o  show t h a t  f o r  f i n i t e  d i ­
m e n s io n a l  E, t h e  fo rm e r  d e f i n i t i o n  o f  q u a s i - e q u i v a l e n c e  i m p l i e s  t h e  l a t t e r .  
T ha t  t h i s  i s  so  f o l lo w s  d i r e c t l y  from, a  r e s u l t  o f  N o rd g ren  [1 2 ,  Theorem 
3 . 1 ] .  Q .E .D .
A c o n v e r s e  o f  Theorem 5 was p r o v e n ,  i n  t h e  c a s e  t h a t  t h e  u n d e r ­
l y i n g  s p a c e  E i s  f i n i t e  d im e n s i o n a l ,  b y  Moore and N ordgren  [11] f o r  q u a s i ­
e q u i v a l e n c e ,  and h e n c e ,  f o r  R P - e q u iv a le n c e .  However, no c o n v e r s e  i s  
known f o r  any l a r g e r  c l a s s .  B u t ,  i t  i s  p o s s i b l e ,  a s  t h e  f o l l o w i n g  theo rem  
show s, t o  e x p r e s s  t h e  d e f i n i t i o n  o f  q u a s i - a f f i n e  t r a n s f o r m  e n t i r e l y  i n  
term s o f  t h e  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n s .
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THEOREM 7 S uppose t h a t  T, and T„ a r e  C _ c o n t r a c t i o n s  w i t h  c h a r a c t e r i s -" _L £. • O
t i c  o p e r a t o r  f u n c t i o n s  0^ and ©2 , r e s p e c t i v e l y .  T hen , T^ i s  
a  q u a s i - a f f i n e  t r a n s f o r m  o f  T2  i f  and  o n ly  i f  t h e r e  e x i s t  X,
Y e M such  t h a t :
( i )  x e 1 = g2y ,
( i i )  t h e  sp an  o f  XH^ w i t h  0 OH^ i s  H^, andE 2 E E
( i i i )  Yf e and  0_ f  e im p l i e s  f  e H?, f o r  a l l  f  e L^.E 1 E E E
2P r o o f ) :  L e t  P, b e  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  H o n to  H(0, ) ,  f o r  k = l , 2 ;tC E iC
2
and , l e t  U+ b e  t h e  u n i l a t e r a l  s h i f t  on H ,^.
Suppose t h e r e  e x i s t s  X, Y e M s a t i s f y i n g  ( i ) - ( i i i ) .  As i n  Theorem 
5 ,  i f  V = P2X |H (0 ^ ) ,  t h e n  VS(0^) = S (0 2)V. By Lemma 4 ,  ( i i )  and ( i i i )  
im ply  t h a t  V i s  q u a s i - a f f i n e .  T h e r e f o r e ,  S (0 ^ )  i s  a  q u a s i - a f f i n e  t r a n s ­
form  o f  S (0 2) ; and h e n c e ,  T^ i s  a q u a s i - a f f i n e  t r a n s f o r m  o f  T2 .
C o n v e r s e ly ,  s u p p o se  t h a t  T^ i s  a  q u a s i - a f f i n e  t r a n s f o r m  o f  
Then , S (0 ^ )  i s  a  q u a s i - a f f i n e  t r a n s f o r m  o f  S (0 2 ) ;  h e n c e ,  t h e r e  e x i s t s  a 
q u a s i - a f f i n i t y ,  V, from  H(0^) i n t o  H(02 ) s u c h  t h a t  VS(0^) = S (0 2 )V.
By t h e  L i f t i n g  Theorem [HA, p g .  2 5 8 ] ,  V can b e  e x p r e s s e d  i n  t h e  form  
P2X | H(01 ) f o r  some X e M, s a t i s f y i n g  X02He C 0 2He'- B u t ’ t h i s  imPl i e s  t h a t  
t h e r e  e x i s t s  a  Y e M such  t h a t  X0^ = 0 2Y, s i n c e  X commutes w i t h  U+
[HA, pg .  1 9 5 ] .  By Lemma 4 ,  X and  Y s a t i s f y  ( i i )  and ( i i i ) .  Q .E.D.
The re m a in d e r  o f  t h i s  s e c t i o n  w i l l  b e  c o n c e rn e d  p r i m a r i l y  w i th
" d ia g o n a l "  e le m e n ts  o f  M. The n o t a t i o n  0 = d i a g ( f ^ ,  f 2 , . . .  ) w i l l
mean t h a t  0 e M i s  t h e  DIAGONAL MATRIX d e f in e d  by 0 e .  = f . e . ,  f o r  a l l  i ,
' 1 1 1
w here  (e ^ )  i s  a  ( f i x e d )  b a s i s  f o r  E and ( f ^ )  i s  a  s e q u e n c e  o f  H - f u n c t i o n s .
As was s t a t e d  e a r l i e r ,  t h e  e x i s t e n c e  o f  a  J o r d a n  m odel f o r  any 
Cq c o n t r a c t i o n  was e s t a b l i s h e d  [ 1 ] ,  A r e c e n t  r e s u l t  [2] d i r e c t l y  r e ­
l a t e d  t h e  J o r d a n  m odel t o  t h e  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n .  How­
e v e r ,  t h e r e  i s  s t i l l  no e q u i v a l e n c e  th e o r y  t o  d e te r m in e  when two c h a r ­
a c t e r i s t i c  o p e r a t o r  f u n c t i o n s  p o s s e s s  t h e  same J o r d a n  m o d e l ,  o r  ev en  
what t h a t  m odel i s .  The f o l l o w i n g  s im p le  exam ple  i l l u s t r a t e s  a  p a r t i ­
c u l a r  c a s e  w h ere  R P - e q u iv a le n c e  c a n  b e  u sed  to  v e r i f y  t h a t  w h a t  a p p e a r s  
t o  be  t h e  J o r d a n  m odel f o r  a  d i a g o n a l  m a t r i x  i s  in d e e d  i t s  m o d e l .
EXAMPLE 8 L e t  ( f ^ )  b e  a  s e q u e n c e  o f  p a i r w i s e  r e l a t i v e l y  p r im e  B la s c h k e
00
p r o d u c t s  whose p r o d u c t  I I f .  e x i s t s .  I f  0 = d i a g ( f  , f „ ,  .
j  J- j
t h e n  i t  i s  R P - e q u i v a l e n t  t o  i t s  J o r d a n  m odel w h ich  i s  
d i a g ( n ” =1 f y  1 ,  1 ,  . . .  ) .
To b e g i n ,  l e t  u s  make t h e  f o l l o w i n g  d e f i n i t i o n s :
n  “
F = . II. f .  , F H II, f ,  = l im  F,n  k = l  k  k = l  k  k
0 = d i a g ( f ^ ,  f 2 , . . .  ) ,  J  = d i a g ( F ,  1 , 1 , . . .  ) .
O bserve t h a t  X and  Y a r e  e l e m e n ts  o f  M, s i n c e  t h e y  a r e  b o t h  t h e  sum o f  
t h r e e  s im p le  m a t r i c e s .  F u r t h e r ,  d i r e c t  m u l t i p l i c a t i o n  w i l l  show t h a t :
X0 = JY =
I f  0a d j  = d i a g ( F /
V
/  F F F F
f , f „ 0 01 2




. . .  ) and J a d j
/
d i a g ( l ,  F , F ,  . . .  ) ,  th e n  
i t  i s  a  s im p le  m a t t e r  t o  show t h a t  0 and J  h a v e  F a s  a  s c a l a r  m u l t i p l e .  
T h e r e f o r e ,  a l l  t h a t  r e m a in s  t o  b e  shpwn i s  t h a t  X and Y h av e  a  s c a l a r  
m u l t i p l e  w h ich  i s  r e l a t i v e l y  p r im e  t o  F.
D e f in e  X^ t o  b e  t h e  n  x  n  u p p e r  l e f t - h a n d  c o r n e r  o f  X, o r  more 
p r e c i s e l y ,  xR(z )  = PnX (z) | En , w here  En  i s  t h e  s u b s p a c e  spanned  by
{el ’ e 2 ’ , e^} and Pn i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  E o n to  E^.
Then, X i s  a  f i n i t e  d im e n s io n a l  m a t r i x  and i t s  d e t e r m in a n t  c a n  b e  c a l -  n
c u l a t e d  by ex p a n d in g  Xn on i t s  f i r s t  row a s  f o l l o w s :
F F I  F I  _F__  _ 1__







Now, d e f i n e  X ^  e M t o  b e  X ® I  , w h ere  I  (z )  i s  t h e  i d e n t i t y  on E e  E .’ n  n ’ n  J n
I f  = Xad  ^ #  ( d e t  X ) I  , w here  Xad ^ i s  t h e  c l a s s i c a l  a d j o i n t  o f  X ,n  n  n  n  n
th e n  W ^ X ^  = X ^ W ^  = ( d e t  X ) I .  T h e r e f o r e ,  X ^  h a s  s c a l a r  m u l t i p l en
( d e t  X ) .  n
The l i m i t  o f  t h e  p a r t i a l  sum s, ( d e t  X^ ) , e x i s t s  s i n c e  t h e  i n f i n i t e
sum i s  a b s o l u t e l y  c o n v e r g e n t ,  c a l l  t h e  sum 6 .  A ls o ,  ( d e t  X ^ ) (z )  i s  bounded
/ \
i n  a b s o l u t e  v a l u e  by  1 and W i s  bounded i n  norm by 1 .  T h e r e f o r e ,  by
th e  V i t a l i - M o n t e l  th eo re m  [ a s  i n  HA, p g .  3 2 6 ] ,  t h e r e  e x i s t s  a  W e M w hich
i s  t h e  weak l i m i t  o f  t h e  s e q u e n c e  {W^n ^} . T ak in g  l i m i t s ,  we h a v e  WX = XW =
( 6 1 ) .  T h e r e f o r e ,  X h a s  6 a s  a  s c a l a r  m u l t i p l e .
S i m i l a r l y ,  t o  show t h a t  6 i s  a  s c a l a r  m u l t i p l e  o f  Y, d e f i n e  by
Y (z )  = P Y (z) I E . E xpand ing  Y on t h e  f i r s t  column y i e l d s :  n n  ' n  n
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By d i r e c t  c a l c u l a t i o n ,  we h a v e ,  f o r  any n :
6 -  ( d e t  Yn ) |  < I  ( - D
k+1 F
k = l  22kf,








I  ( - D
k+1 Fn
k = l 22kf,
1  I  _ n
k = l  f .
00
• F r* F
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B u t ,  b o t h  o f  t h e s e  te rm s  c o n v e rg e  t o  z e ro  ( s i n c e  F^ i s  a  p a r t i a l  p r o d u c t
of F ) . T h e r e f o r e ,  ( d e t  Y ) c o n v e rg e s  t o  6 .  As i n  t h e  c a s e  f o r  X,
= Y +  I  and = Yac^  +  ( d e t  Y ) I  . A ga in  a p p ly in g  t h e  V i t a l i - M o n t e ln n  n  n  n  J
theo rem , we o b t a i n  a  W e M, w h ich  shows 6 i s  a  s c a l a r  m u l t i p l e  o f  Y.
F i n a l l y ,  t o  show t h a t  6 i s  r e l a t i v e l y  p r im e  t o  F ,  su p p o s e  t h a t
t h e r e  i s  a  n o n - c o n s t a n t  i n n e r  f u n c t i o n  w h ich  d i v i d e s  b o t h .  S in c e  F i s
a B la sch k e  p r o d u c t ,  we need  o n ly  c o n s i d e r  z e ro e s  o f  F .  Suppose t h a t  z i s
a z e ro  o f  one o f  t h e  te rm s  f . .  Then z i s  n o t  a  z e ro  o f  any o f  t h e  o t h e r
3
f ^ ' s ,  s i n c e  by h y p o t h e s i s  th e y  a r e  p a i r w i s e  r e l a t i v e l y  p r im e .  T h e r e f o r e ,  
z i s  a  z e r o  o f  F / f ,  i f  and o n ly  i f  k  i s  d i s t i n c t  from  j .  T hus ,  6 ( z )  h a sK.
e x a c t l y  one n o n -z e ro  te rm .  So, we h a v e  shown t h a t  6 and F h a v e  no z e ro e s  
i n  common. Q .E .D .
co
A r e c e n t  Lemma by  S z .-N agy  [23] s t a t e s  t h a t  i f  a
oo oo
bounded s e t  o f  H f u n c t i o n s  and {w .} . . i s  a  s e t  o f  i n n e r  f u n c t i o n s  suchl  i = l
27
t h a t  {w. ,  f . , ,  f . f . 0 > • • • J  i s  r e l a t i v e l y  p r im e  f o r  a l l  i ,  t h e n  t h e r ei  i l  i 2
00
e x i s t s  a  n u m e r ic a l  s e q u e n c e  s u c ^  t h a t
( i )  a 1 = 1 ,
CO
( i i )  I ^ _ 2  l a i l  *-s  a r b i t r a r i l y  s m a l l ,  and
00
( i i i )  uk i s  r e l a t i v e l y  p r im e  t o  Ij_-j_ a j ^ i j ’ ^ o r  a ^
U sing t h i s  lemma, t h e  p r e c e d i n g  exam ple  ca n  b e  g e n e r a l i z e d  t o :
00
THEOREM 9 I f  ( f j )  i s  a  s e q u e n c e  o f  p a i r w i s e  r e l a t i v e l y  p r im e  H f u n c t i o n s  
w hose p r o d u c t ,  F ,  e x i s t s ,  t h e n  d i a g ( f ^ ,  f ^ ,  . . .  ) i s  R P - e q u iv a -  
l e n t  t o  i t s  J o r d a n  m odel w h ich  i s  d i a g ( F ,  1 ,  1 ,  . . .  ) .
P r o o f ) :  F o r  each  j ,  d e f i n e  F j t o  b e  F / f j *  To show t h a t  F ^ ,  . . . }  i s
1 00
r e l a t i v e l y  p r im e ,  assum e t h a t  t h e  g . c . d .  o f  {F^> ^ 2 ’ ’ ^ n -1  ^ j - n j
s i n c e  t h i s  c l e a r l y  h o l d s  f o r  n=2. S in c e  we h a v e  assum ed t h a t  t h e  s e t  {fj-}
00
i s  p a i r w i s e  r e l a t i v e l y  p r im e ,  we h a v e  t h a t  t h e  g . c . d .  o f  II n ( f j )  w i th
IK / ( f . )  i s  IK , , ( f . ) .  T h e r e f o r e ,  t h e  g . c . d .  o f  {F, , . . .  , F } i s  j f r i '  3 '  j  =n+ l j  & 1 ’ n
H j-n+ i ( f j ) .  H snce ,  by  i n d u c t i o n ,  t h e  g . c . d .  o f  {F-^j . . . }  i s  t h e  l i m i t
o f  t h e s e  p a r t i a l  p r o d u c t s ,  w h ich  i s  o ne .
T h e r e f o r e ,  we c a n  a p p ly  S z . - N a g y 's  Lemma to  o b t a i n  a  s eq u e n ce  o f
c o n s t a n t s  ( a . ) .  „ su ch  t h a t  F i s  r e l a t i v e l y  p r im e  to  T a .F .  and  TI a . | < 2.
J j= l L J 3  3
L e t  b j  b e  t h e  s q u a r e  r o o t  o f  a ^ , f o r  a l l  j .  D e f in e  0 ,  J ,  X, Y e M as  
f o l l o w s :
0 = d i a g ( f f 2 , f 3 , . . .  )
J  = d i a g ( F ,  1 , 1 , . . . )
By d i r e c t  m u l t i p l i c a t i o n ,  we hav e  X0 = JY. C l e a r l y  F i s  a  s c a l a r  m u l t i p l e
of b o t h  0 and J .  So, a l l  t h a t  re m a in s  i s  t o  show t h a t  X and Y h a v e  a  s c a l a r
m u l t i p l e  w h ich  i s  r e l a t i v e l y  p r im e  to  F.
D e f in e  X by X (z )  = P X ( z ) |E  , w here  E i s  t h e  s u b s p a c e  sp an n ed  n  n  n  1 n  n
by { e , , . . .  e } and P i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  E o n to  E . Then ,I  n n  o j t o  n
ex p an d in g  t h e  f i n i t e  d im e n s io n a l  m a t r i x  X^ on i t s  f i r s t  colum n, we hav e
29
The l i m i t  o f  t h e s e  p a r t i a l  sums e x i s t s  ( s i n c e  i t ' s  a b s o l u t e l y  su m m ab le ) , 
c a l l  i t  6 .  As i n  Example 8 ,  we c a n  u s e  t h e  V i t a l i - M o n t e l  th eo rem  to  show 
t h a t  6 i s  a  s c a l a r  m u l t i p l e  o f  X.
S i m i l a r l y ,  6 i s  a  s c a l a r  m u l t i p l e  o f  Y. F i n a l l y ,  s i n c e  t h e  
s eq u en ce  ( a . )  was c o n s t r u c t e d  su ch  t h a t  I a j * j  i s  r e l a t i v e l y  p r im e  t o  F ,  
we h av e  shown t h a t  0 i s  R P - e q u i v a l e n t  t o  J .  Q .E.D.
The f o l l o w i n g  t e c h n i c a l  Lemma i s  g iv e n  o n ly  t o  s i m p l i f y  t h e  Theorem w hich  
fo l lo w s  i t .
OO 0 0  o o
Lemma 10 L e t  and k e  s e q u e n c e s  o f  H - f u n c t i o n s .  I f  t h e i r
00
p r o d u c t s  G and H, r e s p e c t i v e l y ,  a r e  a l s o  i n  H and i f  t h e  s e t  
{h1G /g1 , h 2G /g2 , . . .  } i s  r e l a t i v e l y  p r im e ,  t h e n  d i a g C g ^ ,  
g2h 2> . . .  ) i s  m - e q u iv a le n t  t o  d ia g (G ,  h , h 2 , —  ) ,  f o r  any 
i n n e r  f u n c t i o n  to.
P r o o f ) :  I f  0 X = d i a g ( g 1h 1 , g ^ ,  . . .  ) and 0 2 = d i a g ( l ,  g - ^ ,  g 2h 2 » • • •
th e n  S (0 2 ) = 0 © S ( 0 ^ ) ;  t h e r e f o r e ,  S (0 ^ )  i s  u n i t a r i l y  e q u i v a l e n t  t o  S (0 2) .
B u t,  t h i s  i m p l i e s  t h a t  0^ and 0 2 " c o i n c i d e " ,  i e .  t h a t  t h e r e  e x i s t s  an
i n v e r t i b l e  Z e M s u c h  t h a t  Z*0^ = 02Z [ s e e  HA, p g .  2 5 7 ] .  I n  p a r t i c u l a r
th e n  0^ i s  (o - e q u iv a le n t  t o  ©2 , f o r  any i n n e r  f u n c t i o n  to.
I f  G = G/g , t h e n  by  h y p o t h e s i s ,  {G, h .G  , h .G  , . . . }  i s  r e l a -  n  n  l  l  z /
t i v e l y  p r im e ;  h e n c e ,  by  S z . - N a g y 's  Lemma, t h e r e  e x i s t s  a  n u m e r ic a l  seq u e n c e  
( a ^ ) ” _^ su ch  t h a t  G +  I .£ -2^a i ^ i ^ i ^  i s  r e l a t i v e l y  p r im e  to  to, f o r  any i n n e r  
f i x e d  f u n c t i o n  to, and ^ | a ^ |  < 2 .  D e f in e  b^  t o  b e  a  s q u a r e  r o o t  o f  a ^ ,  f o r  
a l l  i .  I f
•»1
03 = d i a g  (G, h 2 » . . .  ) ,
and Y = / -  0
th e n  X02 = 0^Y. As i n  Example 8 ,  we can  show t h a t  t h e  l i m i t  o f  t h e  d e t e r ­
m in an ts  o f  t h e  l e a d i n g  rows and columns o f  X and Y i s  a  s c a l a r  m u l t i p l e  o f
n  C °
b o th  X and Y. I n  t h i s  c a s e ,  t h e  l i m i t  w orks o u t  to  b e  G +  ) .  0 ( a . h . G . ) ,
’ ^ 1 = 2  i i i
c a l l  t h e  l i m i t  6 .  B u t ,  by t h e  c o n s t r u c t i o n  o f  t h e  s e q u e n c e  (a ^ )  , 6 i s  
r e l a t i v e l y  p r im e  t o  e v e r y  i n n e r  f u n c t i o n .  T hus ,  0 2 i s  c o -e q u iv a le n t  t o  0 ^ .
By th e  t r a n s i t i v i t y  o f  to -e q u iv a le n c e  ( t h e  p r o o f  o f  w h ich  i s  s t r a i g h t f o r w a r d ) , 
we hav e  shown t h a t  0^ i s  c o - e q u iv a le n t  t o  0 ^ .  Q .E.D.
The f i n a l  Theorem o f  t h i s  s e c t i o n  e s s e n t i a l l y  e x te n d s  t h e  c o n v e r s e  
o f  Theorem 5 from  f i n i t e  d e f e c t  i n d i c e s  to  f i n i t e  m u l t i p l i c i t y ,  f o r  t h e  
l i m i t e d  c l a s s  s t a t e d .
THEOREM 11 I f  i s  a  seq u e n c e  o f  H f u n c t i o n s  whose p r o d u c t ,  F ,  i s
a  B la s c h k e  p r o d u c t  none  o f  whose z e r o e s  h a s  m u l t i p l i c i t y  
g r e a t e r  t h a n  some f i x e d  N, t h e n  d i a g ( f ^ ,  f 2 » . . .  ) i s  RP- 
e q u i v a l e n t  t o  i t s  J o r d a n  m o d e l .
P r o o f ) :  L e t  {zp  b e t h e  s e t  o f  a l l  z e r o e s  o f  F. D eno te  by m ( f , Z j )  t h e  
m u l t i p l i c i t y  o f  z^ a s  a  z e ro  o f  f .  I f  z i s  n o t  a  z e ro  o f  f ,  we w i l l  w r i t e  
m ( f , z )  = 0 .  F o r  ex am p le ,  t h e  h y p o t h e s i s  s t a t e s  t h a t  m (F ,z ^ )  < N, f o r
ev e ry  j .
L e t  G b e  t h e  l e a s t  common m u l t i p l e  o f  {f_^}. We would l i k e  t o
s p l i t  G i n t o  "m ax im al" ,  p a i r w i s e  r e l a t i v e l y  p r im e  com ponen ts .  To do t h i s ,  
d e f i n e  a n  in d e x  f u n c t i o n ,  t ,  su ch  t h a t  m ( f t ^ ,  z^) i s  t h e  maximum o f  t h e
OO
s e t  { m ( f . , z . ) } .  Now, f o r  each  i ,  d e f i n e  g .  s u c h  t h a t  m ( g . , z . )  = m ( f . z . )i  j  i = l  i  l  j  x j
i f  j  i s  i n  t h e  image o f  t ,  and m (g ^ ,z ^ )  = 0 o t h e r w i s e .  Then , each  z e ro  o f
F i s  i n  e x a c t l y  one g ^ .  So, G = llg^ and t h e  s e t  {G/g^} i s  r e l a t i v e l y  p r im e
Now, s i n c e  g ,  d i v i d e s  f . ,  we ca n  d e f i n e  f !  to  b e  f . / g . , f o r  a l l  i .  ’ ° i  x x x i
S in ce  z .  i s  n o t  a z e r o  o f  f ' , . NG/g . . . ,  f o r  a l l  j ,  we h av e  t h a t  t h e  s e t  
J t ( j )  t ( j )
{ f ' t ( j ) G / g t ( j ) ) j = l  r e la t iv e ly Pr i rae- So, Lemma 10 a p p l i e s ,  i e .  
d i a g ( f ^ ,  f g ,  . . .  ) i s  R P - e q u i v a l e n t  t o  d ia g ( G ,  f ^ ,  f ^ ,  . . .  ) •
R e p e a t in g  t h i s  p r o c e d u r e ,  l e t  F '  b e  t h e  p r o d u c t  o f  t h e  te rm s f ^  
and l e t  G' b e  t h e i r  l . c . m .  O bserve  t h a t  m (F ' ,z ^ .)  < N - l ,  f o r  a l l  j .  As 
b e f o r e ,  we can  d e f i n e  s e q u e n c e s  ( g p  and ( f | j )  su ch  t h a t  f ^  = G' =
and t h e  s e t  { f V G ' / g p  i s  r e l a t i v e l y  p r im e .  A g a in  a p p ly in g  t h e  Lemma, we 
have d i a g ( f | ,  f ^ ,  . . .  ) i s  F - e q u i v a l e n t  t o  d i a g ( G ' ,  f!^, f^j,  . . .  ) •  T h a t  
i s ,  t h e r e  e x i s t s  X and Y i n  M such  t h a t  ( X ) d i a g ( f p  f ^ ,  . . .  ) = 
d i a g ( G ' , f ' p  f ' p  . . .  ) (Y) and X and Y h a v e  a  s c a l a r  m u l t i p l e ,  S , w h ich  i s  
r e l a t i v e l y  p r im e  to  F . S in c e  I  ■© X and I  #  Y a l s o  h av e  s c a l a r  m u l t i p l e  6 ,  
we hav e  shown t h a t  d ia g ( G ,  f ^ ,  . . .  ) i s  R P - e q u iv a l e n t  to
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d ia g  (G, G ' ,  f '^ ,  f £ ,  . . .  ) .
O b serv e  t h a t  m ( F " ,Z j )  < N -2 ,  f o r  a l l  j ,  w here  F" s n f ^ .  So, 
t h i s  p r o c e s s  m ust  e v e n t u a l l y  r e a c h  t h e  c o n s t a n t  s e q u e n c e  o n e .  By t r a n s ­
i t i v i t y  o f  R P -e q u iv a le n c e  (Theorem 3 ) ,  we h av e  shown t h a t  d i a g ( f ^ ,  f . . .  ) 
i s  R P - e q u iv a l e n t  t o  d ia g (G ,  G ' ,  G", . . .  , G ^ ,  1 ,  1 ,  . . .  ) .  T h a t  t h i s  
l a t t e r  m a t r i x  i s  a  J o r d a n  m odel f o l lo w s  from  t h e  way i n  w h ich  t h e  G 's  
a r e  c o n s t r u c t e d ,  nam ely : e a c h  i s  t h e  l . c . m .  o f  i t s e l f  and a l l  f o l l o w ­
in g  t e rm s .  Q.E.D.
SECTION III
BI-INVARIANCE AND Co
The i n t e n t  o f  t h i s  s e c t i o n  i s  t o  e x te n d  t o  t h e  c l a s s  o f  a l l  Co
c o n t r a c t i o n s  a  r e s u l t  by Wu [ 3 3 ] ,  f o r  t h e  c l a s s  o f  CQ(n) c o n t r a c t i o n s .
T h is  r e s u l t  i s :
THEOREM 1 E very  i n v a r i a n t  s u b s p a c e  o f  a  Cq c o n t r a c t i o n  i s  b i - i n v a r i a n t
( I e .  i s  i n v a r i a n t  u n d e r  e v e r y  o p e r a t o r  i n  t h e  d o u b le  com m utan t) .
B e fo r e  b e g i n n in g  t h e  p r o o f  l e t  u s  c o n s t r u c t  t h e  r e p r e s e n t a t i o n s
which t h e  p r o o f  w i l l  u s e .  F i r s t ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  we can
assume t h a t  t h e  g iv e n  Cq c o n t r a c t i o n ,  T , i s  o f  t h e  fo rm  S (0 )  o p e r a t i n g
on H = H(0) f o r  some c o n t r a c t i v e  a n a l y t i c  f u n c t i o n ,  0 ,  s i n c e  any  CNU
c o n t r a c t i o n  i s  u n i t a r i l y  e q u i v a l e n t  t o  t h e  c o m p re s s io n  S (0 )  w here  0 i s
i t s  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n  [ c f .  HA p g .  3 4 5 ] .  We w i l l  c o n s i d e r  
2
0 a s  a c t i n g  on H_, f o r  some ( p o s s i b l y  f i n i t e  d im e n s io n a l )  H i l b e r t  s p a c e ,  E. h
By a  w e l l  known r e p r e s e n t a t i o n  th eo rem  [ 2 1 ] ,  e v e ry  i n v a r i a n t  su b ­
s p a c e ,  K,  o f  S (0 )  c o r r e s p o n d s  t o  a  ( r e g u l a r )  f a c t o r i z a t i o n ,  0 = ©2 ® !’
2 2
such  t h a t  K = & ^ E ’
F u r t h e r ,  t h e  d o u b le  commutant o f  S (0 )  i s  known t o  b e  t h e  s e t  o f  
a l l  o p e r a t o r s  o f  t h e  form  (j)(T) w here  (JieN^ , [ s e e  1 ] .  H ere  N^ i s  c o n s id e r e d  
t o  b e  t h e  s p a c e  o f  a l l  w hich  a r e  m erom orphic  on t h e  open  d i s k  and  have
U  oo “  J
a  r e p r e s e n t a t i o n  /  w here  u  and v  a r e  H - f u n c t i o n s  and v (T )  h a s  d e n s e  
dom ain . I n  w h ich  c a s e ,  <j>(T) i s  d e f i n e d  t o  b e  v  ^ (T ) ■ u ( T ) ,  w hich  can  
b e  shown t o  b e  in d e p e n d e n t  o f  t h e  c h o i c e s  o f  u and v  [ s e e  HA p g .  1 5 5 ] .
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P ro o f  o f  th e o re m ) :  L e t  T = S (0 )  b e  a  C c o n t r a c t i o n  on H = H (0 ) .  L e t
2 2
K = e  ®**E 3 su^ s Pa c e  ^  w h ich  i s  i n v a r i a n t  u n d e r  T. L e t  <f>(T)
b e  an  e le m e n t  o f  t h e  d o u b le  commutant o f  T, w here  d> = U/  . L e t  f  e 0„H^v  2 E
2 2and d e f i n e  h  = <f> ( T ) f . C l e a r l y  h  e  H = H^ , e  s o  t h e  p ro b lem  i s  t o
2
show t h a t  h  e 0„H , s i n c e  t h i s  w ould  im p ly  t h a t  h  e K and h e n c e  K i s  
A E
i n v a r i a n t  u n d e r  <j> (T) .
C o n s id e r  t h e  e q u a l i t y  o f  h  = <J> (T) f .  A p p ly in g  t h e  f a c t  t h a t
u (T )  = v (T )  <{>(T), y i e l d s  v (T ) h  = u (T )  f .  F u r t h e r ,  s i n c e  f  = f o r
2
some g e Hg, we h a v e  v (T )  h = u (T )  0 £g .  B u t ,  v (T )  h  = P ( v l )  h  and
2
u(T ) 0 og = P ( u l )  0 og ,  w here  P i s  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  H o n to  
A  A E
2H and I  i s  t h e  i d e n t i t y  on H„. Combining t h e s e  we h a v e  P ( v l )  h  = P ( u l )  0og ,E A
2 2 2 
w hich  i m p l i e s  t h a t  ( v l ) h  e  0 2 ^ e ’ s:*-n ce  T h e r e f o r e ,  t h e r e  e x i s t s
2
a y e Hg su ch  t h a t  ( v l ) h  = ©2 ^ '
L e t  m^ b e  t h e  m in im a l  f a c t o r  o f  T. S in c e  v (T )  i s  q u a s i - a f f i n e ,  
v  i s  r e l a t i v e l y  p r im e  to  m^ [ s e e  HA, p g .  1 2 5 ] .  The m in im a l  f u n c t i o n  i s  
i n  p a r t i c u l a r  a  s c a l a r  m u l t i p l e  o f  0 and h e n c e  o f  0 ^ ;  t h e r e f o r e ,  t h e r e  
e x i s t s  an  a n a l y t i c  f u n c t i o n ,  W, su ch  t h a t  = m ^I.  T hus ,  W (v l)h  = VIQ^y, 
w hich  i m p l i e s  t h a t  (vl)Wh = (m,j,I)y. B u t ,  t h i s  i m p l i e s  t h a t  v  d i v i d e s  y .
To show t h i s ,  l e t  b e  t h e  p o s s i b l y  i n f i n i t e  d i m e n s io n a l )  m a t r i x
r e p r e s e n t a t i o n  o f  W w i th  r e s p e c t  t o  some f i x e d  b a s i s  f o r  E and  l e t  (h^ )  
and (Y j) b e  t h e  c o r r e s p o n d in g  v e c t o r  r e p r e s e n t a t i o n s  o f  h  and y ,  r e s p e c ­
t i v e l y .  T hen , f o r  a l l  j ,
m„,y. = (m _ I)y .  = ( v l )  J  w . . h . .T 3 T j  “ 1 3  x
Thus, v  d i v i d e s  mTy j  f ° r  a l l  w h ich  i m p l i e s  t h a t  v  d i v i d e s  y^ f o r  a l l
j ,  s i n c e  v  i s  r e l a t i v e l y  p r im e  t o  m^,. T h i s  shows t h a t  v  d i v i d e s  y o r ,
2
e q u i v a l e n t l y ,  t h a t  t h e r e  e x i s t s  a n x  e Hj, s u c h  t h a t  y = v x .
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T h u s ,  ( v l ) h  = 0 2y = ©2 (vx) = ( v l )  F i n a l l y ,  s i n c e  v  i s  n o t
2
i d e n t i c a l l y  z e r o ,  we h a v e  h  e 0„H . Q .E.D .
The f o l l o w i n g  r e s u l t  i s  n o t  new [ c f .  2 7 ] ;  h o w ev er ,  t h e  p r o o f  u s e d  
h e r e  i s  a n  e x t e n s i o n  o f  t h e  method u sed  by Wu [ 3 3 ]  f o r  t h e  c a s e  o f  f i n i t e  
d e f e c t  i n d i c e s  and  i s  q u i t e  d i f f e r e n t  from  t h e  t e c h n i q u e  u s e d  by  S z .-N agy  
and F o ia §  when th e y  p ro v e d  t h i s  r e s u l t .  I t  i s  i n c l u d e d  h e r e  to  show an 
a p p l i c a t i o n  o f  Theorem 1.
COROLLARY 2 The d o u b le  commutant o f  any  Cq c o n t r a c t i o n  i s  e q u a l  t o  t h e  
w e a k ly - c lo s e d  a l g e b r a  i t  g e n e r a t e s .
P r o o f ) :  L e t  T b e  a Cq c o n t r a c t i o n .  L e t  ( X be  t h e  w e a k ly - c lo s e d  a l g e b r a
g e n e r a t e d  by  I  and  T. F o r  any o p e r a t o r  A and any p o s i t i v e  i n t e g e r  n ,  
d e n o te  by A^n  ^ t h e  o p e r a t o r
A ® A ® A ® . . , # A  
V  ^ '
n  t im e s
L e t  S b e  any o p e r a t o r  i n  {T}". F o r  any n ,  S^n ^e{T^n ^ } " ,  s i n c e ,  f o r  any 
A e{ T } ',  S^n ^A^n  ^ = (SA) ^  = A ^ S ^ .  F u r t h e r ,  i s  a  Cq c o n t r a c t i o n ,
s i n c e  i t  h a s  t h e  same m in im a l  f u n c t i o n  a s  T. T h e r e f o r e ,  by  Theorem 1 ,  
ev e ry  i n v a r i a n t  s u b s p a c e  o f  i s  a l s o  i n v a r i a n t  f o r  B u t ,  t h i s
i m p l i e s  t h a t  S e a t  s e e  3 5 ,  Theorem 7 . 1 ] .  T h e r e f o r e ,  {T}" C  a .  S in c e  
OC C { T } "  f o r  any o p e r a t o r  T, we h a v e  a =  {T}". Q .E.D.
SECTION IV
DOUBLE COMMUTANTS OF C CONTRACTIONS.o
The i n t e n t  o f  t h i s  s e c t i o n  i s  t o  e x te n d  a  r e c e n t  r e s u l t  by  Uchiyama
[3 2 ] ,  nam ely :  i f  T i s  a  C c o n t r a c t i o n  w i t h  d i s t i n c t ,  f i n i t e  d e f e c t  i n -
00
d i c e s ,  t h e n  i t s  d o u b le  commutant i s  i n t e r p o l a t e d  by H , i e .
00
{T}" = {a(T) : aeH }. I n  t h i s  s e c t i o n  we w i l l  remove t h e  r e s t r i c t i o n  
t h a t  b o t h  d e f e c t  i n d i c e s  b e  f i n i t e  and r e q u i r e  t h a t  o n ly  one o f  them b e  
f i n i t e .
T h ro u g h o u t  t h i s  s e c t i o n ,  l e t  E and F b e  f i x e d  (com plex ,  s e p a r a b l e  )
H i l b e r t  s p a c e s .  Assume t h a t  F i s  f i n i t e  d im e n s io n a l  and h a s  an  o r th o n o rm a l
b a s i s  { f . } 1!1 ... L e t  { e . } .  _ b e  an  o r th o n o rm a l  b a s i s  f o r  E , w here  J  i s  a i  x = l  j  j e J
f i n i t e  o r  c o u n ta b ly  i n f i n i t e  in d e x  s e t  w i t h  a t  l e a s t  m+1 e l e m e n ts .  D e f in e  
E ' , J ' , F ' , m ' , e ^ , and f^  a n a lo g o u s l y .
B e fo re  p r o c e e d i n g ,  we need  t o  d e v e lo p  some n o t a t i o n  f o r  d e a l i n g  
w i th  s e m i - f i n i t e  m a t r i c e s .  L e t  A b e  an  a n a l y t i c  o p e r a t o r - v a l u e d  f u n c t i o n
in  M(E, E ' ) .  As i n  s e c t i o n  I ,  i t  i s  p o s s i b l e  t o  c o n s i d e r  A a s  an  o p e r a t o r
2 2 00 from Hg to  H g , . D e f in e  <Ae, e ’> t o  b e  t h e  H - f u n c t i o n  < A (z )e ,  e >, f o r
e v e ry  eeE and e ' e E ' ,  w here  < • , • >  d e n o te s  t h e  i n n e r  p r o d u c t  i n  E ' . U sing
00t h i s  n o t a t i o n ,  we c a n  c o n s i d e r  A a s  a  ( p o s s i b l y  i n f i n i t e )  m a t r i x . o v e r  H
( s e e  e g .  [HA, p g .  3 2 3 ] ) .  I n  f a c t ,  t h i s  g i v e s  r i s e  t o  t h e  m a t r i x  r e p r e s e n -
2 2t a t i o n  o f  A when c o n s id e r e d  a s  a  l i n e a r  t r a n s f o r m a t i o n  from  H to  H , ,h h
s i n c e
V 2
<Af, e '>  = . L ,< A e . ,  e '>  < f ,  e .>  f o r  feH^ and e ' e E 'j e J  j ’ J E
36
37
D e a l in g  w i t h  m in o rs  w i l l  p r e s e n t  somewhat o f  a  d i f f i c u l t y ,  s i n c e  
t h e  c l a s s i c a l  c o f a c t o r  d e f i n i t i o n  w i l l  n o t  l e a d  t o  an  a p p r o p r i a t e  d e f i n i ­
t i o n  o f  a  d e t e r m i n a n t .  The m ethod  we w i l l  u s e  f o l lo w s  t h a t  d e s c r i b e d  by  
F l a n d e r s  [ 8 ] .
F o r  any  i n t e g e r  n ,  d e n o te  by  E th e  s p a c e  o f  a l l  n - v e c t o r s  on
E. F o r  n = l ,  t h i s  i s  s im p ly  E. For n=2 , t h i s  s p a c e  i s  d e f in e d  a s  f o l l o w s :
an  e le m e n t  o f  E i s  a  f i n i t e  sum o f  te rm s  o f  t h e  form  a  A b w h ere  a
and b a r e  v e c t o r s  i n  E. The symbol * i s  t h e  (u n iq u e )  b i - l i n e a r ,  a n t i -
com m uta t ive  f u n c t i o n  from  t h e  c a r t e s i a n  p r o d u c t  o f  E w i t h  i t s e l f  i n t o
t h e  q u o t i e n t  s p a c e ,  E, su ch  t h a t  e^  A e_. i s  z e ro  i f  and o n ly  i f  i  = j .
The s e t  {e ,  A e . } .  . _ forms a n  o r th o n o rm a l  b a s i s  f o r  f \  E.
i  J i ,  J e J
F o r  n  > 2 ,  we p ro c e e d  a s  f o l l o w s :  L e t  An b e  t h e  s e t  o f  a l l  o r d e r
p r e s e r v i n g  maps from  {1, 2 ,  3 ,  . . . ,  n} i n t o  J .  (We w i l l  u s e  sym bols  such
a s  a and t  t o  d e n o te  e le m e n ts  o f  A . )  F o r  creA d e n o te  by e  t h e  v e c t o rn  n  o
e a ( l )  e a ( 2 )  e a ( 3 )
i s  an  o r th o n o rm a l  b a s i s  f o r
e / \ . U s in g  t h i s  n o t a t i o n  t h e  s e t  {e } a ( n )  a  aeAn
A " e . The i n n e r  p r o d u c t  o f  a ,
w i th  b ,  * b„  * . . .  b i s  t h e  d e t e r m in a n t  o f  1 z n
/ <ai*  b i > <a2 , b 2>
<ar  V  <a2* b2>
"V v \
<a , b„> n  Z
V< a , , b > < a „ , b > . . .  <a , b > /1 n  2 n  n ’ n  /
N ote  t h a t  t h e  d im e n s io n  o f  F i s  , t h e  number o f  c o m b in a t io n s  o f
m t h i n g s  t a k e n  n a t  a  t im e .  I n  p a r t i c u l a r ,  F h a s  d im en s io n  1.
F o r any o p e r a t o r  T from  E t o  E ' we can  d e f i n e  T n  from
o ( l )  • • •  c o ( n ) '  " ^ a ( l )  A Teo ( n ) 'E to  y \ n  E ' by  T n ( er A . . .  A e ^ , „ N) e T e _ „ ^  A . . .  A Te
38
And, f o r  0 eM(E, E ' )  we ca n  d e f i n e  0 p o i n t w i s e ,  i e .
(0 n ( z ) ) ( e o ) = ( 0 ( z ) )  n (e CT) .  Then, <0 n&a > i s  t h e  d e t e r m i n a n t  o f
<0e e '  , 1N> <0e e '  . . .  <0e . ea ( l )  t(1) a ( 2 )  r ( l )  a(n)’ ' x ( l A
<0e e '  ,  . > <0e , oN, e '  . .>  . . .  <0e ,  e '  . .>  /a ( l )  x (n )  o (2 )  t (n) a ( n ) ’ x ( n )
and h e n c e ,  i s  one o f  t h e  n ' t h  o r d e r  m in o r s  o f  0 .
T h is  n o t a t i o n  f o r  m in o r s  a l l o w s  u s  t o  r e p r e s e n t  e x p a n s io n  by m in o rs  
i n  a  v e r y  c o n c i s e  fo rm ; nam ely :  <0 n e a > e ' T> can  h e  expanded  a lo n g  th e
i ' t h  row a s
T ( - 1 )  3 <0 e  , e '  > < 0 e . , . e ! >. . a .  x .  j  i
]=1  J i
o r  a lo n g  t h e  j ' t h  column a s
y ( - 1 )  3 <0 e , e '  > < 0 e . , e  >
. L , o .  t .  j ’ xx = l  J x
w here  a
j a ( k ) ,  f  o r  k  < j  
. (k )  = < and t .
-1 ^cr(k+ l) ,  f o r  k  j  1
(k) =
t ( k ) , f o r  k  < i  
x (k+1) , f o r  k  j
F o r  a  s e m i - f i n i t e  m a t r i x  0 eM(F,E) w h ich  i s  an  i s o m e t r y ,  i t  ca n  b e  
shown [ s e e  26] t h a t
I
oeA
<0f , e > = 1x a '
w here  x i s  t h e  i d e n t i t y  on {1, 2 ................m ).
An im m ed ia te  co n se q u en ce  o f  t h i s  f a c t  i s  t h a t  f o r  ev e ry  i n n e r  
f u n c t i o n  i n  M(F, E ) , t h e  g . c . d .  o f  i t s  m ' t h  o r d e r  m in o r s  e x i s t s  and  i s  
n o n - z e r o .  To s e e  t h i s ,  r e c a l l  t h a t  by  t h e  h y p o t h e s i s  o f  t h i s  s e c t i o n  
th e  in d e x  s e t ,  J ,  h a s  m ore t h a n  m e l e m e n ts ;  s o ,  m ' t h  o r d e r  m in o r s  m ust 
e x i s t .  F u r t h e r ,  by  t h e  above r e s u l t ,  t h e  sum o f  t h e i r  a b s o l u t e - v a l u e s  
s q u a re d  i s  one; t h e r e f o r e ,  a t  l e a s t  one o f  them m u st  b e  n o n - z e r o .
Having  d e s c r i b e d  t h e  n o t a t i o n a l  d e v i c e s  w h ich  w i l l  b e  u s e d ,  we 
a r e  now re a d y  t o  p ro v e  t h e  f i r s t  Lemma o f  t h i s  s e c t i o n .
LEMMA 1 L e t  0 b e  a n  i n n e r  f u n c t i o n  i n  A1(F, E) . L e t  o> b e  t h e  g . c . d .  o f
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t h e  m th  o r d e r  m in o rs  o f  0 .  I f  y i s  an  H - f u n c t i o n  w h ich  i s  
r e l a t i v e l y  p r im e  t o  to, t h e n  y ( S ( 0 ) )  i s  i n j e c t i v e .
2
P r o o f ) :  Suppose t h a t  f  e H(0) su ch  t h a t  y ( S ( 0 ) ) f  = 0 .  T hen , f  eH _ and
2
y f  e 0Hp. P ic k  a  a e ^m an<i d e f i n e  E ' to  b e  t h e  s u b s p a c e  sp anned  by
{ e ^ ^ ,  ea ( 2 )  Ba ( m ) ^ '  L e t  P 0 r t ^ 060na-*- P r o j e c t i o n  o f  E o n to
E ' .  D e f in e  0 q to  b e  t h e  m b y  m s u b m a t r ix  o f  0 d e te rm in e d  by a ,  nam ely :
P 0 .  S in c e  0 i s  f i n i t e  d im e n s i o n a l ,  i t s  c l a s s i c a l  a d j o i n t ,  0ac^  e x i s t s  a a a
such  t h a t  0 0 a<^  = 5 L ,  and 0 a ^ 0  = £ I  , w here  I  , and 1^ a r e  t h ea a a E '  a a a F E ' F
i d e n t i t i e s  on E ' and  F ,  r e s p e c t i v e l y  and £ i s  t h e  c l a s s i c a l  d e t e r m in a n ta
o f  0 . o
2 2 S in c e  y f  e t h e r e  m u s t  e x i s t  a  geH^ s u c h  t h a t  y f  = 0 g .  B u t ,
t h i s  i m p l i e s  t h a t  P ^ ( y f )  = P^COg) and h e n c e  y ( P ^ f )  = Q^g* M u l t i p l y i n g
on t h e  l e f t  by  0ac^ , we h a v e  y ( 0 aC^ P  f )  = £ g .
0 0 0 0
Thus y d i v i d e s  £ g. f o r  a l l  i ,  w h ere  (g.)™ n i s  t h e  v e c t o r  r e p r e -
0 1  l  i= l
s e n t a t i o n  o f  g .  B u t ,  a was a r b i t r a r y ;  s o ,  y m u s t  d i v i d e  t h e  g . c . d .  o v e r  
a l l  o o f  ? a g^ w hich  i s  u>g^. By h y p o t h e s i s ,  w and y a r e  r e l a t i v e l y  p r im e .  
T h e r e f o r e ,  y | g^ f o r  a l l  i ,  and h e n c e ,  ( g / y )  e Hp. So, we h a v e  shown
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t h a t  f  = 0 ( g / y )  e ©H^. S in c e  f  i s  a l s o  i n  t f ( 0 ) ,  we m ust h a v e  f  = 0 .  
T h e r e f o r e ,  y ( S ( 0 ) )  i s  i n j e c t i v e .  Q .E.D.
The n e x t  lemma i s  a n  e x t e n s i o n  o f  a  r e s u l t  by  Uchiyama [3 2 ,
Lemma 3] w i t h  t h e  re m o v a l  o f  t h e  r e s t r i c t i o n s  t h a t  0 b e  a  J o r d a n  m odel
and t h a t  E b e  f i n i t e  d i m e n s io n a l .  We ca n  t h i n k  o f  t h i s  lemma a s  s t a t i n g
t h a t  f o r  c e r t a i n  C c o n t r a c t i o n s ,  e le m e n ts  o f  t h e i r  d o u b le  commutant .o  ’
a r e  " a lm o s t "  i n t e r p o l a t e d  by  H°°. T hen , Theorem 5 w i l l  remove t h i s  " a lm o s t "  
r e s t r i c t i o n .  We now s t a t e  t h e  p r e c i s e  d e s c r i p t i o n  o f  t h i s  r e s u l t .
LEMMA 2 L e t  T and T ' b e  C q c o n t r a c t i o n s  w i t h  c h a r a c t e r i s t i c  o p e r a t o r  
f u n c t i o n s  0eM(F, E) and 0 'e A K F ',  E ' ) ,  r e s p e c t i v e l y .  L e t  co b e  
any i n n e r  f u n c t i o n  and l e t  A° b e  i n  t h e  d o u b le  commutant o f  T ' .
I f  0 and  0 '  a r e  q u a s i - e q u i v a l e n t  and  i f  f o r  some eeE t h e  image
o f  0 ( z )  i s  p e r p e n d i c u l a r  t o  e f o r  a l l  z ,  t h e n  t h e r e  e x i s t  r e l a -
00
t i v e l y  p r im e  H - f u n c t i o n s  a  and g w h ich  a r e  b o t h  r e l a t i v e l y  
p r im e  t o  uj su ch  t h a t  a ( T ' )  = g (T ' )A ° .
P r o o f ) :  Suppose t h a t  T, T ' ,  0 ,  0 ' ,  A° and m a r e  a s  s t a t e d  ab o v e .  L e t
2
H = H(0) and  H' = H (0 ) .  L e t  P b e  t h e  o r th o g o n a l  p r o j e c t i o n  o f  H o n toiS
2
H and l e t  P 1 b e  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  H^,, o n to  H ' . We w i l l  assume 
t h a t  T = S (0 )  and T ' = S ( 0 ' ) ,  s i n c e  t h e y  a r e  a lw ays  a t  l e a s t  u n i t a r i l y  
e q u i v a l e n t .  By t h e  L i f t i n g  Theorem [HA, p g .  2 5 8 ] ,  t h e r e  m ust e x i s t  an  
A e M ( F ' , E 1) such  t h a t  A° = P 'A  | H ' , s i n c e  i n  p a r t i c u l a r  A° e  { T '} ' .
L e t  t o '  b e  t h e  g . c . d .  o f  a l l  m ' t h  o r d e r  m in o r s  o f  m .  As b e f o r e ,  
a ) '  i s  n o n - z e r o ,  s i n c e  a t  l e a s t  one o f  t h e  m in o rs  i s  n o n - z e r o .  L e t  co" =  c o 'c o .
W ith o u t  l o s s  o f  g e n e r a l i t y  we ca n  assum e t h a t  t h e  image o f  0 ( z )  i s  
p e r p e n d i c u l a r  to  e ^ ,  f o r  a l l  z ,  s i n c e  we know t h a t  i t  i s  p e r p e n d i c u l a r  to
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some eeE and  a  new b a s i s  c o u ld  b e  ch o se n  s u c h  t h a t  t h i s  e le m e n t  i s  e ^ .
F ix  a  s u b s c r i p t ,  r ,  and d e f i n e  ReM(E,E) by  Re^' = j e r ’ w^ e r e  ^ t i^e
Kroriecker d e l t a  ( i e .  6 . 5 1 i f  i = j  and  0 o t h e r w i s e ) .  Then , R0 = 0 ,
J
2 2s i n c e  e^ i s  i n  t h e  k e r n a l  o f  R f o r  a l l  i  > 1 .  I n  p a r t i c u l a r ,  RSH^ C  H^.
By t h e  L i f t i n g  Theorem, R° i s  i n  t h e  commutant o f  T, w h e re  R° e PR | H.
By h y p o t h e s i s ,  0 and 0 '  a r e  q u a s i - e q u i v a l e n t .  S z .-N ag y  h a s  shown
[23] t h a t  t h i s  im p l i e s  t h e  e x i s t e n c e  o f  XeM ( E ' ,E ) ,  YeM ( E ,E ' ) ,  and ZeM (E ,E ')
w i t h  s c a l a r  m u l t i p l e s  y , y , and y , r e s p e c t i v e l y - ,  su ch  t h a t :X x
(a )  y , y , and y a r e  each  r e l a t i v e l y  p r im e  t o  w".
A  X  L t
(b ) X° i s  i n j e c t i v e ,
(c )  Y°H and Z°H s p a n  H ' ,
(d )  X°T' = TX°,
(e )  Y°T = T 'Y ° ,  and
( f )  Z°T = T 'Z ° ,
w here  X° = PX | H ' j  Y° = P 'Y  | H, and Z° e P 'Z  | H.
H aving  co m p le ted  t h e  c o n s t r u c t i o n s ,  we ca n  now show t h a t  
P(XY)R(XAY) = P(XAY)R(XY). By ( d ) ,  we h av e  ( Y ^ X 0 ) ! ’ = Y°R0 (TX°).
B u t ,  t h i s  e q u a l s  Y°(TR°)X , s i n c e  R° e { T } ' .  And, by ( e ) , t h a t  e q u a l s  
T*(Y°R0X ° ) . So, we h a v e  shown t h a t  Y°R0X° e  {T1} 1. S in c e  A° commutes 
w i t h  e v e r y t h i n g  i n  { T ' } ' ,  we h a v e  i n  p a r t i c u l a r ,  Y°R0X°A0 = A°Y0R0X°. 
M u l t i p l y i n g  on t h e  l e f t  b y  X° and on t h e  r i g h t  by Y° y i e l d s :
X0Y0R0X0A°Y0 = X0A0Y0R0X°Y0 . By d i r e c t  r e p la c e m e n t  we g e t :
(P X )(P fY )(P R )(P X )(P ' A )(P 'Y )  = (P X )(P ,A ) ( P ’Y ) (P R )(P X )(P 'Y ) .  Most o f  t h e s e  
p r o j e c t i o n s  a r e  u n n e c e s s a r y .  F o r  ex a m p le ,  by  ( e ) , Y°T = T 'Y °;  s o ,  by t h e  
L i f t i n g  Theorem, Y0H^ d  0 'H ^ .  H ence, P 'YP = P 'Y ; t h e r e f o r e ,
(P 'Y )(P R ) = P '(Y R ) .  S i m i l a r l y ,  we ca n  e l i m i n a t e  t h e  o t h e r  p r o j e c t i o n s ,  
l e a v i n g :  P(XY)R(XAY) = P(XAY)R(XY).
C o n s id e r  t h e  l e f t  h and  s i d e  o f  t h i s  e q u a t i o n .  I f  we l e t  i t  a c t  
on some f i x e d  b a s i s  e le m e n t  e s  e E and  expand i t  we g e t :
P(XY)R(XAY)e = P £ <XYRXAYe , e > e
S  ^  S  X X
= P 7 <XYe., e .>  <Re. , e .>  <XAYe , e, > e .
j  i  k  i s  k  ii , J , k  J
= P 7 <XYe. ,  e . > 6 , n 6 . <XAYe , e, > e .
. . .  J i  k , l  3  , r  s  k  xx , 3 , k  J
= P y <XYe , e .>  <XAYe , e n> e .L. r ’ i  s ’ 1  xx
= P I  <X(<XAYes> e ±> I ' ) Y e r , e ±> e^ ^
i
= P X(<XAYe , e . > I ' ) Y e  s  i  r
2
w here  I '  i s  t h e  i d e n t i t y  on H , .
S i m i l a r l y ,  ex p a n d in g  t h e  r i g h t  s i d e  we g e t :
P XAYRXYe = P y <XAYe. ,  e .> <Re, , e .> <XYe , e > e .
s  . . .  J i  k J s k ii> J »k
= P . ? . <XAYe. ,  e . > 6, , 6 . <XYe , e. > e . i , J , k  3 ’  x k , l  3  , r  s  k  x
= P y <XAYe , e .>  <XYe , e . > e .H r  x s i xx
= P X(<XYe , e > 1 ' )AYe s i r
Combining t h e s e  we h a v e  P X(<XAYe , e > I ' ) Y e  = P X(<XYe , e -> I ' ) A Y e  .s X it s x r
B u t ,  s i n c e  r  was a r b i t r a r y ,  we h a v e  shown t h a t
(P X) (<XAY e  , e > I ' ) Y  = (P X) (<XYe , e ^ I ^ A Y .  s i  s i
Now, u s i n g  t h e  same m ethod w h ich  we u s e d  e a r l i e r  t o  remove p r o ­
j e c t i o n s ,  we can  i n t r o d u c e  some h e r e ,  nam ely :
(PX) P'(<XAYe , e > I f ) (P 'Y ) = (PX) P '  (<XYe , e , > I ' )  (P 'A ) (P 'Y ) s i  s i
w hich  b y  o u r  e a r l i e r  n o t a t i o n  i s :
43
X° <XAYe , e . > ( T ' )  Y° = X° <XYe , e > ( T ' )  A° Y° s i  s i
B u t ,  by  ( b ) ,  X° i s  i n j e c t i v e ,  so  we ca n  c a n c e l  i t ,  g i v i n g :
<XAYe , e . > ( T ' )  Y° = <XYe , e , > ( T ' )  A° Y° s i  s  i
We know t h a t  X and Y h av e  s c a l a r  m u l t i p l e s  yv a n ^ Yv » s o > t h e r e  e x i s t sX x
Xad ' 's M ( E ,E ') and  Yad -^eM(E',E) su ch  t h a t  XXad ~^ = y I  and  YYa d -^  Yy I ' »
2w here  I  i s  t h e  i d e n t i t y  on H . M u l t i p l y i n g  o u r  e q u a t i o n  on t h e  l e f t  by
<Ya d j Xa d j e . ,  e  > ( T ' )  we g e t :
1  s
(<XAYe , e > <Yad;jXad;je 1 , e > ) ( T ' )  Y° = (<XYe , e > <Yad:3Xad:3e 1 , e  >) ( T' )  A° Y°S J_ i s  s i  i s
Summing t h i s  o v e r  s y i e l d s :
<XAYYad;jXad:je 1 , e 1 > ( T ' )  Y° = ^ Y Y ^ X ^ e ^  e 1> ( T ' )  A° Y°
I f  a ' = <XAXad ^ e 1 , e  > and 3 '  H y , t h e n  t h i s  r e d u c e s  to  i  i  X
(yYa ' ) ( T ’ ) Y° = (yy 3 ' ) ( T ' )  A°Y°, o r  e q u i v a l e n t l y ,
Yy ( T ' )  a ' (T 1) Y° = yY(T ’ ) 3 ' (T 1) A°Y°.
By Lemma 1 ,  yY( T ' )  i s  i n j e c t i v e ,  s i n c e  yY i s  r e l a t i v e l y  p r im e  to
a)" by ( a ) .  So , we ca n  c a n c e l  t h e  te rm  yy ( T ' )  i n  t h e  p r e v io u s  e q u a t i o n ,
g i v i n g :  a ' ( T ' )  Y° = 3 ’ ( T ' )  A° Y°. B u t ,  we c o u ld  h a v e  u sed  Z i n s t e a d  o f
Y th r o u g h o u t  a l l  t h e s e  a rg u m e n ts ,  s i n c e  n e i t h e r  a '  n o r  3 '  depend on Y.
I n  t h i s  c a s e  we w ould  h a v e  shown t h a t  a ' ( T ' )  Z° = 3 ' ( T ' )  A° Z ° .  By ( c ) ,
t h e  im ages  o f  Y° and Z° s p a n  H ' ; t h e r e f o r e ,  a ' ( T ' )  = 3 ' ( T r ) A°.
I f  we d e f i n e  y to  b e  t h e  g . c . d .  o f  a '  w i t h  3 ' ,  t h e n  t h e r e  e x i s t s  
00
r e l a t i v e l y  p r im e  H - f u n c t i o n s  a and  3 such  t h a t  a = ay  and 3 = By.
A p p ly in g  t h e s e  to  o u r  e q u a t i o n s  y i e l d s :  y ( T ' )  a ( T ' )  = y ( T ' )  3 ( T ' )  A°.
S in c e  y i s  r e l a t i v e l y  p r im e  t o  iu ' ,  we can  a p p ly  Lemma 1 a g a in ;  h e n c e  y ( T ' )  
i s  i n j e c t i v e .  T h e r e f o r e ,  we ca n  c a n c e l  i t  g i v i n g  t h e  d e s i r e d  r e s u l t :
c t (T ')  = 3 ( T ?) A . Q.E.D.
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F or d e n o te  by 5 ( a )  t h e  n ’ t h  o r d e r  m in o r  o f  0 whose rows a r e
s e l e c t e d  by a ,  nam ely : <0 f  , w h ere  n i s  t h e  i d e n t i t y  on {1 ,  2 ,  . . . ,  m}.
F or aeA , d e f i n e  £ a s  f o l l o w s :  i f  J  i s  f i n i t e  t h e n  l e t  £ b e  t h e  s m a l l e s t  m o  a
e lem e n t  o f  J  w h ich  i s  n o t  i n  t h e  im age o f  a (T h is  a lw a y s  e x i s t s  s i n c e ,  by 
th e  h y p o t h e s i s  o f  t h e  s e c t i o n ,  J  h a s  m ore t h a n  m e l e m e n t s . ) ;  o t h e r w i s e ,  
l e t  £^ b e  t h e  sum £ ™ _^a(j) .
The n e x t  lemma i s  u s e d  t o  t r a n s f o r m  5 ( a ) ,  w h ich  i s  a  m in o r  n o t  
i n v o l v in g  £ ^ ,  i n t o  a sum o f  m in o rs  w h ich  do i n v o l v e  £^ .
LEMMA 3 I f  0eM(F,E) and  0£Am, th e n  f o r  any f c F ,
m
5 ( a )  < 0 f ,  > = I  ( - 1 ) 1+ra 5 ( t ± )  < 0 f ,  eo ^ >
a ( k ) , f o r  k  < i
w here  t \ ( k )  = a ( k + l ) ,  f o r  i  k < m
£ , f o r  k  = ma
N o te :  T e c h n i c a l l y ,  i s  n o t  a Am f u n c t i o n ,  s i n c e  i t  n eed  n o t  b e  o r d e r
p r e s e r v i n g .  I n  t h i s  c a s e ,  h o w ev er ,  i t  i s  n o t  a  p ro b le m .  I f  E i s  i n f i n i t e  
d im e n s i o n a l ,  t h e n  i s  o r d e r  p r e s e r v i n g .  I f  E i s  f i n i t e  d i m e n s i o n a l ,
t h e n  we w ould  n eed  o n ly  i n t r o d u c e  a  f a c t o r  o f  +  1 .  F u r t h e r ,  f o r  E f i n i t e  
d im e n s i o n a l ,  a  s i m p le r  p r o o f  e x i s t s  [ 3 2 ] .
P r o o f ) :  L e t  ri b e  t h e  i d e n t i t y  on ( 1 ,  2 ,  . . . ,  m} and d e f i n e  and a ^  by
a ( k ) , f o r  k  < i
rij (k )  =■
k+1, f o r  k  ^  j
and a . (k )  =l
a ( k + l ) , f o r  i  k  
V-
C o n s id e r  t h e  e q u a t i o n  g iv e n  i n  t h e  s t a t e m e n t  o f  t h i s  lemma. I t s  
l e f t  hand  s i d e  ca n  b e  expanded  u s i n g  t h e  F o u r i e r  s e r i e s  e x p a n s io n  o f  f ,  
f  = I xj f j> g ^ i n g :
5(a) < 0 f ,  e  > = I  x  5(a) <0f , e  >
a j J a
O bserve  t h a t  e x p a n s io n  by m in o r s  on t h e  j ' t h  row c a n  b e  w r i t t e n  a s :
6 E(o) -  I ( - 1 ) 1+J <e‘m' 1£n . ,  e > <6£k , e >
1 J 1
w here  6 i s  t h e  K ro n e ck e r  d e l t a ,  s i n c e  f o r  j  ^ k ,  t h e  te rm  on t h e  r i g h t
i s  t h e  d e t e r m in a n t  o f  a  m a t r i x  h a v in g  two rows w h ich  a r e  e q u a l .  We ca n
i n t r o d u c e  6 i n t o  o u r  e q u a t i o n  b y  summing o v e r  k .  Thus we h av e :
5 ( a )  < 0 f ,  > = H  xk 6-j,k 5(°> <Qf  j  > >
a 3 k  J ’ a
= I I xi, I ( _ l ) i+ ^ <0 m '''f , e > <0f , e  . . . >  < 0 f . ,  e
j k  k  i  a i  k  a ( l )  J Ao
S in c e  a l l  o f  t h e s e  sums a r e  f i n i t e ,  we ca n  r e a r r a n g e  t h e  t e r m s ,  g i v i n g :
I  I  x  ( - l ) 1+m <0f, , e . . . >  I  ( - l ) j+m <0 m_1f  , e  > < 0 f . ,. f  k  k  a ( x )  . n .  a .  jl  k  j  ‘j  i
C om press ing  a lo n g  t h e  j ' t h  row , y i e l d s :
H  x, ( - l ) 1+m <0f. , e .>  <0mf  , e > i  k  k  k ’ a ( l )  n  t ±
F i n a l l y ,  r e v e r s i n g  t h e  F o u r i e r  s e r i e s  e x p a n s io n  b a c k  t o  f ,  g i v e s  t h e  r i g h t
hand  s i d e  o f  t h e  e q u a t i o n  i n  t h e  s t a t e m e n t - o f  t h e  lemma, nam ely:
i+m
K - i - )
i
I  ( - 1  1+m 5 ( t ±) < 0 f ,  e a ( ± ) > Q.E.D.
The l a s t  lemma i s  l a t e r  u sed  t o  show t h a t  t h e  S p ro d u c ed  i n  Lemma 1 
i s  a c t u a l l y  t h e  c o n s t a n t  f u n c t i o n  o ne .
he
LEMMA 4 S uppose t h a t  0 eM (F ,E ),  ZeM (E,F), AeM (E ,E ),  and a) i s  t h e  g . c . d .
o f  t h e  m ' t h  o r d e r  m in o r s  o f  0 .  I f  a  and 3 a r e  r e l a t i v e l y  p r im e
00
H f u n c t i o n s  b o t h  o f  w h ich  a r e  r e l a t i v e l y  p r im e  t o  to and i f
2
a l  -  3A = 0Z, w here  I  i s  t h e  i d e n t i t y  on  H^, th e n  3 = 1 .
P r o o f ) :  Assume t h a t  0 ,  Z, A, I ,  a ,  3 , and m a r e  a s  s t a t e d  ab o v e .  P ic k
asA and d e f i n e  t .  a s  i n  Lemma 3 .  A b b r e v i a t e  Z a s  s im p ly  Z.  I f  wem i  a
m u l t i p l y  t h e  e q u a t i o n  a l  -  3A = 0Z by  5 ( a )  and a p p ly  i t  t o  e £ , we h av e :
5 ( a )  < ( a l  -  3A)e£ , e £ > = 5 ( a )  <0Ze£ , e £>
U sing  t h e  l i n e a r i t y  o f  i n n e r  p r o d u c t s  on t h e  l e f t  s i d e  g i v e s  us 
< 5 ( a ) a e £ , e £> -  < 5 (a )3A e£ , e £>, w h ich  i s  e q u a l  t o  5 ( a ) a  -  5 (a )3 < A e£ , e £>. 
I f  we t a k e  t h e  r i g h t  hand  s i d e ,  we c a n  u s e  Lemma 3 to  g iv e  u s :
m
I (-1 )1*" 5< V  <ezet , e >
1=1
B u t ,  <0Ze„, e  = < ( a l  -  3A )e„ ,  e w h ich  i s  e q u a l  to’ £ ’ a ( i )  Z a ( i )
< ae „ ,  e  -  ^ A e  e S in c e  Z j= a ( i )  f o r  any i ,  we have£ ’ a ( i )  Z* a ( i )  J
< ae „ ,  e  , . s > = 0 .  T h e r e f o r e ,  <0Ze„, e = -3< A e„ , e£ ’ a ( i )  ’ Z* a ( i )  Z* a ( i )
R ecom bining  t h e  l e f t  and r i g h t  h a l v e s ,  we h av e  shown t h a t
r( i )5 ( a ) a  -  5(a)B<Ae£ , e £ > = - 3  I  ( - l ) 1+m 5 ( t1 ) <Ae£ ,
T h i s  c a n  b e  r e w r i t t e n  a s  a 5 ( a )  = 3 5 (o) w here
m . .
5 (a )  = 5 (a )< A e£ , e £> -  ( - 1 )  5 ( t ±) <Ae£ , e o ( 1 ) >
W r i t t e n  t h i s  way, i t  i s  o b v io u s  t h a t  3 d i v i d e s  a 5 ( a ) .  B u t ,  by 
h y p o t h e s i s ,  3 i s  r e l a t i v e l y  p r im e  t o  a .  Thus t h e  i n n e r  f a c t o r  o f  3» c a l l
i t  3 ' ,  m u s t  d i v i d e  5(<?) f o r  a l l  oeA^. Hence 3 ’ d i v i d e s  t h e i r  g . c . d .  
w h ich  i s  to. B u t ,  3 i s  a l s o  r e l a t i v e l y  p r im e  t o  to. T h e r e f o r e ,  3 ’=1 , 
i . e .  3 i s  o u t e r .
S in c e  a 5 ( a )  = 3C(a) f o r  a l l  oeA , we ca n  t a k e  t h e i r  a b s o l u t em
s q u a r e d  sum, g i v i n g :
1 «  I 2  I I t < o >  I 2  “  I B  I 2  I  I C 0 »  I 2
a a
2
As was s t a t e d  a t  t h e  b e g i n n in g  o f  t h i s  s e c t i o n ,  £ |5 ( c r ) |  = 1 .  I f  we
2
c o u ld  show t h a t  £ | C (cr) | was bou n d ed ,  by  s a y  M, t h e n  we w ould h av e
2 2 2
shown t h a t  | a |  _> M | s |  , and th u s  t h a t  t h e  H f u n c t i o n  a/M i s  bounded
2
i n  norm by  t h e  o u t e r  f u n c t i o n  3- By a  w e l l  known p r o p e r t y  o f  H 
[ s e e  e g .  7 ,  p g .  1 5 8 ] ,  3 would d i v i d e  a .  B u t ,  a  and 3 a r e  r e l a t i v e l y  
p r im e ;  t h e r e f o r e ,  we w ould  h av e  shown t h a t  3=1.
2
So, a l l  t h a t  re m a in s  i s  to  show t h a t  £a |c ( c r ) |  i s  b o u n d ed .  By 
t h e  M inkowski i n e q u a l i t y ,  we h av e :
I  [ ? ( a )  <Ae& , e & > -  j  ( - l ) 1^  ? ( r )  <Ae , e ± ) > 
a I a a i = l  cr
^ l 2 l <AeA * eo ( i ) :a
i  ( l  U ( o )  | 2 |<Aet  , e  > | 2 ) V l  I  | 6 ( t  
l a  a a /  I i  a
S in c e  |<Ae^, e_.> | <_ l l l l  f o r  a l l  i  and j  and s i n c e  £ | C ( o ) | ^  = 1 ,  t h e  above
i s  bounded  by
||a|| < 1 + 1  i U(t.)|2)
i = l  a e A m
2
T h e r e f o r e ,  a l l  t h a t  re m a in s  i s  t o  show t h a t  ][ | 5 ( t _^)| i s  b o u n d ed .  For
f i n i t e  J  t h i s  i s  e a s y  s i n c e  t h e r e  i s  o n ly  a  f i n i t e  number o f  m in o r s .  So,
su p p o s e  t h a t  J  i s - i n f i n i t e  and t h a t  a . a ' t A a r e  d i s t i n c t .  L e t  t .  and £m l
c o r r e s p o n d  t o  a a s  b e f o r e  and l e t  and £ '  c o r r e s p o n d  to  o ' ;  a n d ,  su p p o se
t h a t  = x ^ .  Then a ( k )  = a ' ( k ) ,  f o r  k  < i ,  s i n c e
a ( k )  = t . (k )  = x ! ( k )  = o ' ( k ) .  A lso  a ( k )  = a ’ ( k ) ,  f o r  k  > i ,  s i n c ei  i
a ( k )  = x ^ ( k - l )  = T ^ ( k - l )  = a ( k ) .  T h e r e f o r e ,  a ( k )  = a ' ( k )  i f  and o n ly
i f  k = i .  B u t ,  I  = T^(m) = x^(m) = Z ' ; h e n c e  £ a ( k )  = £ a ' ( k ) ,  w h ich  i s
a  c o n t r a d i c t i o n .  T h e r e f o r e ,  d i s t i n c t  o ' s  g iv e  r i s e  t o  d i s t i n c t  x ^ ' s .
2
T hus ,  £ | £ ( x ^ ) |  i s  a  subsum o f  t h e  sum o f  t h e  s q u a r e s  o f  a l l  m in o r s ,
2
w h ich  i s  o n e .  I n  c o n c l u s i o n ,  t h i s  shows t h a t  £ | c ( c ) |  i s  bounded  by
JJ a | |  (1+m); and h e n c e ,  3=1. Q.E.D.
Having  co m p le ted  t h e  lemmas, we a r e  now r e a d y  t o  p ro v e  t h e  m ain  
r e s u l t  o f  t h i s  s e c t i o n ,  nam ely :
THEOREM 5 I f  T i s  a  C c o n t r a c t i o n  whose d e f e c t  i n d i c e s  a r e  d i s t i n c t  and ----------------- .o
a t  l e a s t  one o f  them i s  f i n i t e ,  th e n  t h e  d o u b le  commutant o f  T
00
i s  i n t e r p o l a t e d  by H .
P r o o f ) :  L e t  0eM(F,E) b e  t h e  c h a r a c t e r i s t i c  o p e r a t o r  f u n c t i o n  o f  T. S in c e  
T i s  C q , 0 ( z )  i s  an  i s o m e t r y  f o r  a lm o s t  e v e r y  z [ s e e  HA, p g .  1 9 0 ] .  T h e re ­
f o r e ,  t h e  d im e n s io n  o f  E i s  g r e a t e r  t h a n  o r  e q u a l  t o  t h a t  o f  F . B u t ,  by 
h y p o t h e s i s  t h e i r  d im e n s io n s  a r e  n o t  e q u a l  and one o f  them i s  f i n i t e .  So, 
we h a v e  shown t h a t  E and F s a t i s f y  t h e  h y p o t h e s i s  o f  t h i s  s e c t i o n ,  nam ely : 
dim F = m and  dim E > m.
S z .-N ag y  h a s  e x te n d e d  t h e  J o r d a n  m odel t o  t h i s  c a s e  [ 2 3 ] .  He 
p ro v e d  t h a t  e v e ry  m a t r i x  i n  M(F,E) i s  q u a s i - e q u i v a l e n t  to  some m a t r i x ,  J ,  
o f  t h e  fo rm :
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w here  {h_^} a r e  t h e  i n v a r i a n t  f a c t o r s  o f  0 .  So , t h e i r  p r o d u c t ,  c a l l  i t  oi,
i s  a l s o  t h e  g . c . d .  o f  t h e  m ' t h  o r d e r  m in o r s  o f  0 .
L e t  A° b e  i n  t h e  d o u b le  commutant o f  S ( 0 ) .  As i n  Lemma 2 ,  we
h a v e  by t h e  L i f t i n g  Theorem, A° = PA | H (0 ) ,  w here  P i s  t h e  o r t h o g o n a l  
2
p r o j e c t i o n  o f  H o n to  H(0) and AeM(E,E). We h a v e  now s a t i s f i e d  t h e  h y p o -  E
CO
t h e s e s  o f  Lemma 2; s o ,  t h e r e  e x i s t  r e l a t i v e l y  p r im e  H - f u n c t i o n s  a  and 3
w hich  a r e  r e l a t i v e l y  p r im e  t o  to su ch  t h a t  a ( S ( 0 ) )  = 3 ( S ( 0 ) ) A ° .  I n  m a t r i x
form  t h i s  m eans t h a t  P ( a l )  = P ( 3 I ) ( P A ) .  As b e f o r e ,  we ca n  remove t h e  l a s t
2 2P , g i v i n g :  P ( a l  -  3A) = 0 ,  o r  e q u i v a l e n t l y ,  ( a l  -  &A)Hp C  H^. S in c e
a l  -  3A commutes w i t h  t h e  u n i l a t e r a l  s h i f t ,  we h av e  [ s e e  e g .  HA, p g .  195]
t h a t  t h e r e  e x i s t s  a  ZeM(E,F) such  t h a t  a l  -  3A = 0Z. By Lemma 4 ,  we have
3 = 1 ;  t h e r e f o r e ,  a ( S ( 0 ) )  = A. F i n a l l y ,  s i n c e  S (0 )  i s  u n i t a r i l y  e q u iv a ­
l e n t  t o  T, we h av e  t h a t  {T}" = {a(T ) : aeH }. Q .E .D .
I n  Theorem 5 ,  we assumed t h a t  t h e  d e f e c t  i n d i c e s  w ere  d i s t i n c t .
The f o l l o w i n g  exam ple  (due  t o  S z .-N agy  [22])  shows t h a t  t h i s  r e s t r i c t i o n  
c a n n o t  b e  rem oved. L e t  a and 3 b e  r e l a t i v e l y  p r im e  i n n e r  f u n c t i o n s  f o r  
w h ich  ax + 3y i s  o u t e r  f o r  a l l  x  and y i n  H°°. D e f in e  T = S (a )  <& S (3) and 
c o n s i d e r  <(>(T) w here  i|> = (a+3) /  ( a - 3 ) . Then T i s  a  C q c o n t r a c t i o n  ( i n  
f a c t ,  a Cq c o n t r a c t i o n )  and <f> i s  i n  i t s  d o u b le  commutant [HA, pg .  1 5 5 ] .
I f  a  g e n e r a l i z a t i o n  o f  Theorem 5 w ere  t o  h o ld  t h e n  we w ould  h av e  to  h av e
00
(j)(T) = oi(T) f o r  some ojeH . B u t ,  S z .-N ag y  h a s  shown [22] t h a t  t h i s  w ould
00
im ply  t h a t  ax  +  By = 1 f o r  some x  and y i n  H , w h ich  i s  a  c o n t r a d i c t i o n .
T h e r e f o r e ,  t h e r e  e x i s t s  a  C c o n t r a c t i o n  w i t h  a t  l e a s t  one f i n i t e  d e f e c t.o
00
in d e x  whose d o u b le  commutant i s  n o t  i n t e r p o l a t e d  by H .
SECTION V
CONTRACTIONS CONTAINING THE SHIFT
I n  t h i s  s e c t i o n  we w i l l  c o n s i d e r  c o n t r a c t i o n s  o f  t h e  form  T ® S+ ,
where  S+  i s  t h e  u n i l a t e r a l  s h i f t .  The u n i l a t e r a l  s h i f t ,  S+ , w i l l  b e  co n -  
2
s i d e r e d  a s  M on H , w here  M ( f )  = z » f .  E x p l i c i t  r e p r e s e n t a t i o n s  w i l l  b e  z z
g iv e n  f o r  b o t h  t h e  d o u b le  commutant and  t h e  w e a k ly - c lo s e d  a l g e b r a  g e n e r ­
a t e d  by T #  S, i n  t h e  two s p e c i a l  c a s e s  w h e re  T i s  a  C c o n t r a c t i o n  and 
w here  T i s  a n  i s o m e t r y .
F o r o p e r a t o r s  T on H and T ' on H ' , d e n o te  t h e  s e t  o f  o p e r a t o r s  
w h ich  i n t e r t w i n e  T w i t h  T ' ,  i e .  (X | XT = T 'X } , by  3>(T, T ' ) .  F o r  any 
o p e r a t o r ,  T ,  d e f i n e  CT(T) to  b e  t h e  w e a k l y - c l o s e d  a l g e b r a  (w i th  i d e n t i t y )  
g e n e r a t e d  by  T. I f  f o r  some o p e r a t o r ,  T, t h e  s e t  {T}" (o r  Cf  (T ))  i s  o f
th e  fo rm  (a (T )  | aeH }, t h e n  we w i l l  s a y  t h a t  {T}" ( r e s p e c t i v e l y ,
00
i s  i n t e r p o l a t e d  by  H .
An o p e r a t o r  T i s  s a i d  t o  b e  o f  c l a s s  (d c )  i f  C f (  T) = {T}". Many 
w e ll -k n o w n  o p e r a t o r s  h a v e  b e e n  shown t o  b e  i n  t h i s  c l a s s ,  i n c l u d i n g :  t h e
u n i l a t e r a l  s h i f t  [ 4 ] ,  a l l  a l g e b r a i c  o p e r a t o r s  [ 3 0 ] ,  e v e ry  w e ig h te d  u n i ­
l a t e r a l  s h i f t  [ 1 9 ] ,  and e v e ry  n o n - u n i t a r y  i s o m e t r y  [ 3 1 ] .  I n  t h i s  s e c t i o n  
we w i l l  show t h a t  T ® S+  i s  i n  t h i s  c l a s s  f o r  e v e ry  C Q c o n t r a c t i o n  T.
The f i r s t  Lemma o f  t h i s  s e c t i o n  i s  p ro b a b ly  n o t  new. I t  i s  i n ­
c lu d e d  h e r e  b e c a u s e  i t  i s  e x p r e s s e d  i n  t h e  n o t a t i o n  w hich  w i l l  b e  u s e d  
t h r o u g h o u t  t h i s  s e c t i o n  and g r e a t l y  s i m p l i f i e s  t h e  p r o o f s  w h ich  f o l l o w  i t .
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LEMMA 1 L e t  J  b e  any in d e x  s e t  ( f i n i t e  o r  c o u n ta b ly  i n f i n i t e ) .  F o r  each  
j e J ,  su p p o s e  t h a t  T i s  a n  o p e r a t o r  on  H^,, I f  h  = and
i f  T = ]M&T , t h e n  {T}" i s  t h e  s e t  o f  a l l  o p e r a t o r s  o f  t h e  form  
A_. su ch  t h a t :
( i )  Aj i s  an  o p e r a t o r  on H  ^ , f o r  a l l  j e J  
and ( i i )  $ (T ^ ,  T^) C  $(A ^, A ..) ,  f ° r  a l l  i » j  e J*
P r o o f ) :  L e t  A e {T}". To show t h a t  A i s  o f  t h e  form  £© A ^ , we n eed  o n ly
show t h a t  f o r  e a ch  k  e J ,  H^ r e d u c e s  A (when c o n s i d e r e d  a s  a  s u b s p a c e  o f
H ) . L e t  b e  t h e  o r t h o g o n a l  p r o j e c t i o n  o f  H o n to  H^. Then , P^T = TP^,
s i n c e  r e d u c e s  T. B u t ,  t h i s  i m p l i e s  t h a t  P A  = AP^, s i n c e  P^ e { T } ' .
H ence, H, r e d u c e s -A. T h e r e f o r e ,  A = 7# A . ,  w here  A. = P.A I H . .
k  J J J J
F ix  i  and j  i n  J  and s u p p o se  t h a t  X c $ ( T \ ,  T_.). I n  o r d e r  to
show t h a t  A s a t i s f i e s  p r o p e r t y  ( i i ) , we n eed  o n ly  show t h a t  XA^ = A^X.
D e f in e  a n  o p e r a t o r  B from  to  H^ . by B(u) = Xu. E x ten d  B to  H by B(u) = 0 ,
f o r  a l l  u  p e r p e n d i c u l a r  t o  H . . Then, BT = B (£# T, ) = X T.. S i m i l a r l y ,1 K. 1
TB = (£« T )B = T.X. T h e r e f o r e ,  B e {T}' C .  {A}1. H ence, BA = AB. 
k J
B u t ,  BA = B (£# A^) = XA^ and AB = (£<& A^)B = A^.X. T h e r e f o r e ,  X e $(A_^, A ^ ) .
C o n v e r s e ly ,  su p p o s e  A = £<&. JV. s a t i s f i e s  p r o p e r t i e s  ( i )  and ( i i ) .
J eJ J
L e t  B e {T} ' and f i x  i  and j  i n  J .  I f  X = P^B | H_ ,^ t h e n :
XT. = (P .B  I H .)T .  = (P.BT) I H. = (P.TB) I H. = T . (P .B  I H .)  = T.Xl  j  1 l  x J 1 x v j  '  1 x j  j ' x '  j
T h e r e f o r e ,  X e $ ( T . ,  T . )  C $ ( A . ,  A . ) .  B u t ,  t h i s  i m p l i e s  t h a t :  x j  x ’ j
P .(BA) I H. = P . (B I H .)A . = XA. = A.X = A .(P .B  I H .)  = P .  (AB) I H.
3  '  1 x j  ' i  x x j  J j ' i  j  i
F i n a l l y ,  s i n c e  t h i s  h o l d s  f o r  a l l  i  and j ,  we h a v e  shown t h a t  BA = AB, i e .
A e {T}". Q .E.D .
53
COROLLARY 2 I f  T i s  a n  o p e r a t o r  on H and  T '  i s  a n  o p e r a t o r  on  H ' , t h e n  
{T ® T '} "  i s  t h e  s e t  o f  a l l  o p e r a t o r s  o f  t h e  form  A ® A' 
su ch  t h a t :
( i ) A e {T}"
( i i ) A ' E: {Tf
( i i i ) * (T , T ' ) c *(A, A ')
( i v ) $ (T 1, T) c $ (A' , A)
The f o l l o w i n g  r e s u l t  g i v e s  a n  e x p l i c i t  r e p r e s e n t a t i o n  f o r  t h e  
w e a k ly - c lo s e d  a l g e b r a  g e n e r a t e d  b y  t h e  t y p e s  o f  o p e r a t o r s  c o n s i d e r e d  i n  
t h i s  s e c t i o n .  (The a u t h o r  w is h e s  t o  th a n k  P r o f .  D. W. Hadwin f o r  th e  
p r o o f  o u t l i n e . )
LEMMA 3 Suppose V = T #  U ® S+ , w here  T i s  a  CNU c o n t r a c t i o n  and  U i s  a  
u n i t a r y  whose s c a l a r  s p e c t r a l  m e a s u re  i s  a b s o l u t e l y  c o n t in u o u s
w i t h  r e s p e c t  t o  L ebesgue  m e a s u re .  Then, c c  (V) i s  i n t e r p o l a t e d
00
by H .
P r o o f ) :  D e f in e  i r ^  from  H to  O t(T) by  t t ^ ( u )  =  u ( T ) .  S i m i l a r l y ,  d e f i n e
from  H°° t o  CTc s + ) by  (u) = u (S + ) .  These a r e  b o t h  c o n t in u o u s  homo- 
m orphism s b e c a u s e  T and S+ a r e  CNU c o n t r a c t i o n s  [HA, p g .  1 1 4 ] .  D e f in e  
172 from  H to  a  (U) by ^ ( u )  = u (U ) .  T h is  i s  a  c o n t in u o u s  homomorphism 
by t h e  s p e c t r a l  theo rem  ( s e e  e g .  [7 ,  p g .  1 1 3 ] ) .
Suppose t h a t  X e a o o ,  th e n  X m ust  b e  o f  t h e  form  A ® B <& C 
where  A e CX(T ) ,  B e  (X (U ) , and C e a  (S+ ) , s i n c e  any  r e d u c in g  
s p a c e  o f  V m ust  r e d u c e  any l i m i t  o f  p o ly n o m ia ls  i n  V. B u t ,  CT(S+ ) i s
CO o o
i n t e r p o l a t e d  by H [1 8 ] ;  h e n c e ,  t h e r e  e x i s t s  an  H - f u n c t i o n ,  y ,  su ch  t h a t
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C = y ( s + ) .  T h e r e f o r e ,  (A - y ( T ) )  ® (B -  y (U ))  ® 0 m u s t  a l s o  b e  i n  ^ f ( V ) .  
So, i t  m u s t  a l s o  b e  a  weak l i m i t  o f  some n e t ,  ( p ^ ) , o f  p o ly n o m ia l s .  I f  we 
l e t  "w lim " s t a n d  f o r  t h e  weak l i m i t  o f  t h e  n e t ,  we h av e :
wlim  P t (T) = A -  y (T ) 
wlim  p ± (U) = B -  y (U) 
and w lim  p . ( S , )  = 0
E x p re s s e d  i n  te rm s  o f  ir^, t h e  l a s t  e q u a t i o n  s a y s :  wlim ^ ( P ^ )  = 0* B u t ,
A
t h i s  i m p l i e s  p^ c o n v e rg e s  weak to  z e r o ,  s i n c e  i s  c o n t i n u o u s .  Con-
A
v e r s e l y ,  p^ c o n v e rg in g  weak t o  z e ro  i m p l i e s  t h a t  7r^ (P ^ )  c o n v e rg e s  w eak ly  
to  z e r o ,  s i n c e  i s  a l s o  c o n t i n u o u s .  I t  a l s o  i m p l i e s  t h a t  ^ ( p ^ )  con­
v e r g e s  w eak ly  to  z e r o ,  b y  t h e  f u n c t i o n a l  c a l c u l u s  f o r  n o rm a l  o p e r a t o r s
[7 ,  p g .  1 1 3 ] .  T h e r e f o r e ,  A = y (T) and B = y (U ).  So, we h a v e  shown
t h a t  X = y (T) «  y (U) #  Y(S+ ) = y (V). Q .E.D.
I n  S e c t i o n  IV , we p ro v e d  t h a t  f o r  c e r t a i n  C q c o n t r a c t i o n s  t h e i r
CO
d o u b le  commutant i s  i n t e r p o l a t e d  by H . The t e c h n iq u e  u sed  depended
h e a v i l y  on t h e  e x i s t e n c e  o f  a  c o n t r a c t i v e  a n a l y t i c  f u n c t i o n ,  0 ,  f o r
2
w h ich  t h e  u n io n  o f  r a n g e s ,  0 (z )H  , was p e r p e n d i c u l a r  t o  some f i x e d  v e c t o r .r
A n o th e r  c a s e  w here  t h i s  o c c u r s  i s  i n  summands o f  t h e  u n i l a t e r a l  s h i f t .
T h is  o b s e r v a t i o n  p rom pted  t h e  f o l l o w i n g  th eo rem :
THEOREM 4 I f  T i s  any  C c o n t r a c t i o n ,  t h e n  {T S ,} "  i s  i n t e r p o l a t e d  by
# O “r
P r o o f ) :  W ith o u t  l o s s  o f  g e n e r a l i t y  we can  assume t h a t  T = S (0 )  f o r  some
c o n t r a c t i v e  a n a l y t i c  f u n c t i o n  0 e M ( F ,  E) w here  E and F a r e  H i l b e r t  s p a c e s
55
( s i n c e  e v e ry  C q c o n t r a c t i o n  i s  u n i t a r i l y  e q u i v a l e n t  t o  some such  o p e r a ­
t o r )  . By C o r o l l a r y  2 ,  a  t y p i c a l  e le m e n t  o f  {T •© S+ }" i s  o f  t h e  fo rm  
A «  A' w h ere  A e {T }" ,  A' e {S ^}" ,  and  $ ( S. ,  T) C.  $(A, A' ) .  B u t ,  {S, } "" F T  T
00 00 
i s  known t o  b e  i n t e r p o l a t e d  by  H [1 8 ] ;  h e n c e ,  A' = a (S + ) f o r  some a  e H .
A l l  t h a t  re m a in s  i s  t o  show t h a t  a (T )  = A.
By t h e  L i f t i n g  Theorem [HA, p g .  2 5 8 ] ,  t h e r e  e x i s t s  a  A e M (F ,  E)
2 2such  t h a t  A = PA | H and AQH^ CGH^ w here  P i s  t h e  o r t h o g o n a l  p r o j e c t i o n  
2
o f  H o n to  H(Q) and  H = H(Q ). L e t  ( e  , e  , . . .  } b e  a  ( p o s s i b l y  f i n i t e )
£  JL Z
o r th o n o rm a l  b a s i s  f o r  E. F ix  a  s u b s c r i p t ,  k ,  and d e f i n e  an  o p e r a t o r ,  B,
2 2 2from  H t o  by B (u) = u * e ^ .  Then , f o r  any u e H we hav e
2
(P B S ,)u  = PB(M u) = PM '(u*e, ) ,  w here  M i s  m u l t i p l i c a t i o n  by z on H and +  z z k  z
2
M' i s  m u l t i p l i c a t i o n  by z on  H . S i m i l a r l y ,  (TPB)u = TP(u*e ) = PM 'P(u*e )
Z £  iC Z K.
= PM (u*e, ) ,  s i n c e  H-^ - i s  i n v a r i a n t  u n d e r  M ' . T h e r e f o r e ,  (PB)S, = T(PB ). z k  z +
T hus ,  PB e $(S  , T) C $ ( a ( S  ) ,  A ).  I n  o t h e r  w o rd s ,  PBa(S ) = APB.
+  +  “t“
I n  p a r t i c u l a r ,  PBa(S+ ) ( l )  = A P B ( l) ,  w here  1 i s  t h e  c o n s t a n t  f u n c ­
t i o n  o n e .  B u t ,  PBa(S+ ) (1) = P B ( a I ) ( l )  = P ( a I ) B ( l )  = P ( a l ) e ^ .  On t h e  
o t h e r  h a n d ,  APB(l) = (PA )PB (l)  = PAB(l) = PAek , s i n c e  AQH  ^ C Z gh^ .
T h e r e f o r e ,  P ( a l ) e k  = f ° r  a H  k .
So , we h a v e  P ( a l )  = PA. B u t ,  t h i s  i s  e q u i v a l e n t  t o  a (T )  = A.
Q.E .D .
The m ain  r e s u l t  o f  t h i s  s e c t i o n  now becomes a s im p le  c o r o l l a r y  
to  Lemma 3 and Theorem 4, nam ely :
COROLLARY 5 I f  T i s  any C c o n t r a c t i o n ,  th e n  T ® S. i s  i n  c l a s s  ( d c ) . --------------------  .o  +
Can Theorem 4 b e  e x te n d e d  t o  g e n e r a l  c o n t r a c t i o n s ?  The n e x t  
r e s u l t  an sw ers  t h i s  q u e s t i o n  i n  t h e  n e g a t i v e .  I t  t u r n s  o u t  t h a t  f o r
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more g e n e r a l  o p e r a t o r s  t h e i r  i n t e r n a l  s t r u c t u r e  m ust b e  c o n s i d e r e d .
L e t  T b e  a n  a r b i t r a r y  c o n t r a c t i o n .  As was m en t io n ed  i n  S e c t i o n  I ,  
t h e  c a n o n ic a l  d e c o m p o s i t io n  [HA, p g .  9] a l l o w s  t o  w r i t e  T a s  t h e  d i r e c t  
sum o f  i t s  u n i t a r y  p a r t ,  T , and i t s  c o m p le te ly  n o n - u n i t a r y  (CNU) p a r t ,
T^. The u n i t a r y  p a r t  ca n  b e  f u r t h e r  decomposed i n t o  i t s  s i n g u l a r  p a r t ,
T, and i t s  a b s o l u t e l y  c o n t in u o u s  p a r t ,  T , w here  t h i s  means t h a t  t h e
cl
s p e c t r a l  m easu re  o f  T ( o r  T ) i s  s i n g u l a r  ( r e s p e c t i v e l y ,  a b s o l u t e l y
S  cL
c o n t in u o u s )  w i t h  r e s p e c t  t o  L ebesgue  m e a s u re .
I n  Theorem 4 we c o n s i d e r e d  o p e r a t o r s  o f  t h e  form  T ® S+ w here  
T i s  a  C Q c o n t r a c t i o n .  The n e x t  r e s u l t  i n v e s t i g a t e s  t h e  o p p o s i t e  ex ­
t r e m e ,  u n i t a r y  o p e r a t o r s .  I n  f a c t ,  i t  i s  somewhat m ore  g e n e r a l  c o n s i d e r ­
in g  i s o m e t r i e s  i n s t e a d  o f  s im p ly  u n i t a r i e s .
THEOREM 6 I f  T i s  any i s o m e t r y  and S+  i s  t h e  u n i l a t e r a l  s h i f t ,  t h e n
( t  #  S }" i s  e q u a l  to  (T #  S ) and  b o t h  a r e  e q u a l  to“T +
(a (T  ) ® g(T ® T f  S . )  I aeL°°(p) and 3eH°°} s a  c +
w here  T = T  T © T a s  above  and p i s  t h e  s c a l a r  s p e c t r a l
S  3  C
m e asu re  o f  T .s
P r o o f ) :  T u rn e r  h a s  shown [31] t h a t  a l l  i s o m e t r i e s  a r e  i n  c l a s s  ( d c ) .
S in c e  T ® S+  i s  i t s e l f  an  i s o m e t r y ,  we h a v e  {T ® S^}" = d ( T  ® S+ ) .
S in c e  T ® T ® S i s  t h e  c o m p re s s io n  o f  a  u n i t a r y  whose s c a l a r  s p e c t r a l
3  C t
m easu re  i s  a b s o l u t e l y  c o n t in u o u s  w i t h  r e s p e c t  t o  L ebesgue  m e a s u re ,  and 
h en ce  i s  s i n g u l a r  w i t h  r e s p e c t  to  P , a  (T S+ ) m ust  s p l i t  [ 5 ] ,  i e .
(T «  S . )  = CX{T ) «  ( I ( T  ® T §  S . )+  s T  a  c +
By t h e  s p e c t r a l  th eo rem  ( s e e  e g .  [7 ,  p g .  9 3 ] ) ,  t h e  fo rm e r  te rm  o f  t h i s
00
sum i s  i n t e r p o l a t e d  by  L ( p ) .  By Lemma 3 ,  t h e  l a t t e r  i s  i n t e r p o l a t e d  by 
H°°. Q .E .D .
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